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Abstract
The DQC1 complexity class, or power of one qubit model, is examined as an
open quantum system. We study the dynamics of a register of qubits carrying out a
DQC1 algorithm and show that, for any algorithm in the complexity class, the evolution of the logical qubit can be described as an open quantum system undergoing a dynamics which is unital. Unital quantum channels respect the Tasaki-Crooks
fluctuation theorem and we demonstrate how this is captured by the thermodynamics of the logical qubit. As an application, we investigate the equilibrium and nonequilibrium thermodynamics of the DQC1 trace estimation algorithm. We show
that different computational inputs, i.e. different traces being estimated, lead to different energetic exchanges across the register of qubits and that the temperature of
the logical qubit impacts the magnitude of fluctuations experienced and quality of
the algorithm.
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Preface
Quantum computation is a realm of information processing which leverages
the physics of quantum reality to access a computational state space that is infinitely larger than that offered by bits. The processing of classical information is
an endeavour with thermodynamic consequences as explored by Maxwell, Gibbs,
Szilard, Landauer and Bennett [1, 2, 3, 4, 5]. Why wouldn’t we likewise expect a
quantum computation to be a relevant thermodynamic process?
This is not a straightforward point. Quantum information processing makes use
of quantum logic gates which are assumed to be unitary operators, that is mathematical objects associated to physically reversible processes. Irreversibility is the
hallmark of entropy being produced and by the first law of thermodynamics implies heat being exchanged. As such, its absence due to unitarity might lead one
to think that there is no thermodynamics emerging from this information processing regime. But, quantum computations are carried out by quantum systems that
exhibit rich nonequilibrium thermodynamics, particularly if parts of a system are
inaccessible and behave as an environment. I believe there is a disparity between
the reversible nature of unitary operations and the thermodynamics which emerges
from quantum computation which is yet to be explored to its fullest extent.
In this work we seek to make sense of this disparity by exploring the complexity
class of Deterministic Quantum Computation with One Clean Qubit (DQC1) [6]
in the trace estimation setting. We analyse the equilibrium and nonequilibrium
thermodynamics of this algorithm showing that its information content impacts its
thermodynamics and that the converse is true also. That is, the thermodynamics of
the qubits carrying out the algorithm influences the outcome of the computation. In
this way, we show that quantum computation is a rich thermodynamic landscape
and make sense of this disparity.
To do so, we use the tools of quantum channels from the operational quantum dynamics framework and the infrastructure provided by decades of work in
nonequilibrium thermodynamics.
This document begins by putting one in the mindset to think thermodynamically in different contexts, from pistons to bits. I then introduce the specific context
to which we will apply our thermodynamic thinking, quantum information processing and new thermodynamic tools relevant required to work in this domain.
Finally in Chapter 3, the insights that can be gained by taking a thermodynamic
perspective to a quantum information processes are exposed in an analysis of the
trace estimation algorithm from the DQC1 complexity class. After this, a perspective on what the future of thermodynamics and quantum information processing
might hold is offered and conclusions are made.
Unless stated otherwise, all illustrations presented in this document have been
produced by the author.
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Figure 1: A mindmap displaying ideas explored in this dissertation, for a more detailed
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1
Thinking Thermodynamically
You should call it entropy... no one really knows what entropy
really is, so in a debate you will always have the advantage.
J OHN VON N EUMANN IN A SUGGESTION TO C LAUDE
S HANNON .

Thermodynamics is not just a physical theory describing some phenomenon. It is
like an operating system for thinking about all of physics, a methodology of physical
reasoning which underpins all the model specific scientific thinking which sits on top of
it. Quantum mechanics, condensed matter physics, atmospheric physics and even cosmology1 are all grounded in thermodynamic thinking. Fundamentally, this is because
thermodynamics is the theory which describes the the transfer of energy and energy is
a concept which pervades every physical theory.
In this chapter, I summarise the most important tools one requires to think thermodynamically. Beginning with thermodynamics of systems at equilibrium both from a
phenomenological and axiomatic perspective and moving to thermodynamics of systems outside of equilibrium in both a classical and quantum context. At the end of
this chapter, I then motivate the relationship between information and thermodynamics
which we will continue to examine and refine throughout the following chapters.

1 The

virial theorem discovered by Clausius [7] has applications in understanding the structure and
evolution of stars.
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1.1 | Equilibrium Thermodynamics
1.1.1 | Laws from Phenomenology

Figure 1.1: The piston is the archetypal example of a system studied in equilibrium
thermodynamics. Whilst it is a simple object, what it teaches us about thermodynamics
can be applied to much more complicated systems.
Thermodynamics is a phenomenological language developed in the 18th and 19th
centuries by people that were thinking about pistons, steam engines and canons. Despite the limited picture this leads one to draw mentally, it results in a robust conceptual
framework for dealing with the transfer of heat and energy between systems in a way
which transcends the setting for which this tool set was intended. In this section, we will
introduce the main phenomenological ideas of thermodynamics and build off of them
to more modern ideas. The word phenomenology here refers to the fact that these laws or
ideas are derived from experience. More recently, it has been shown that equilibrium
thermodynamics even at this level2 can be treated as a purely mathematical structure,
emerging from a set of axioms following the approach of [8]. Here, ideas like equilibrium
states are done away with and the zeroth law is shown to be redundant [9]. We will not
review this approach but it is mentioned here for the sake of completeness.
Before we begin our foray into thermodynamic ideas, we must familiarise ourselves
with the conceptual building blocks of this theory summarised below.
2 Statistical

mechanics is an axiomatic theory as is discussed in the coming pages.
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System - A subset of the universe wherein activity is thermodynamically
consistent. Such as a fluid under some piston head, water in a cup, a qubit
coupled to a spin chain or the universe at large. Systems can be open if they
are interacting with some environment or closed if they are impervious to
external interactions.

■

Work - is a change in internal energy due to some process carried out on the
system or by the system and so is related to a process we have control over.

■

Heat - This is a term used as short hand for energy of a thermodynamic
nature. That is, energy to which a temperature may be associated. Often
this term is used for energy being transferred between an environment or
external system and the system of interest.

■

Equilibrium - is a relation between systems characterising if there are thermodynamic differences between the two systems, typically characterised
by heat transfer. If there is no heat being transferred then the systems are
said to be in equilibrium.

The Zeroth Law
Thermal equilibrium is transitive - if two systems are in thermal equilibrium with a
third system, then they are in equilibrium with each other.
Thermodynamics is a relational theory. It describes how the energy of one object relates to that of another, whether heat is exchanged between them or one is doing work
on the other. This law communicates the experience that we can use known relationships between objects to infer other relationships which might be unknown a priori in
the context of heat transfer.
The First Law
A change in the thermodynamic internal energy of a system is due to work carried out on the system or by the system and heat transferred between the system
and environment.
∆U = ∆W + ∆Q

(1.1)

To make this tangible consider the archetypal example of the piston Fig 1.1. Its environment is the air surrounding the piston, which depending on the difference in thermal
3
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energy between it and the piston will result in heat transfer (∆Q), which is positive if
heat is transferred to the system and negative if heat is dissipated to the environment.
We then have the ability to carry out work (∆W ) on the piston by compressing the air inside it or using the piston to do work allowing to expand in volume (−∆W ). The change
in energy (∆U ) of the gas inside the piston, our thermodynamic system of interest, will
then be the sum of these two contributions.
In the context of equilibrium thermodynamics we consider changes from one equilibrium state to another, that is from the system being at equilibrium with its environment at a given energy to another state at another energy through a process governed
by this phenomenological law. Rudolf Clausius mathematically formalised this idea by
introducing the notion of a thermodynamic state space [7]. Consider a space where each
point in this space is associated to our system possessing a given energy at equilibrium
with its environment. This space would then be parameterised by properties which
can be associated to a system at a given energy, such as Pressure (P), Volume (V) and
Temperature (T) for an ideal gas.
The first law is an exact differential on this state space. This means that a change in
energy is independent of the path taken in state space and that a change in state can be
identified directly with a change in energy. Grounding this once more with pistons and
recalling some undergraduate thermodynamics [10, 11], a group of equilibrium states
sharing the same temperature can be described by an equation
f (V, P, T ) = 0

(1.2)

which defines a smooth manifold. Throughout this thesis, the term temperature will be
used in the sense of the canonical ensemble [10, 11] as described in proceeding Section
1.1.2.2.
Work and Heat are inexact differential forms
dE =dW
¯ +dQ
¯

(1.3)

meaning they are path dependent and can be integrated over some process taking you
from one equilibrium state to another on this manifold. Recalling that
W=

Z x′
x

F · dr

(1.4)

one easily arrives to
W=−

Z v1
v0

4

P dV

(1.5)

Pressure
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Isothermal
Expansion (+∆Q)

1

2

Adiabatic
Compression)

Adiabatic
Expansion (−∆W )

4
3
Isothermal
Compression (+∆W )

Volume
Figure 1.2: State diagram for a Carnot Cycle

after recalling P = F/A where A is area. In this way, we have identified work with a line
integral in state space for processes involving ideal gases and so we are able to quantify
the work of a given process in this context. This is the power of the first law, that it
allows for the expressibility of these quantities in terms of state parameters. Taking this
approach to heat exchange will now unlock the powerful concept of entropy.

1.1.1.1 | Carnot Cycles
In the early 19th century French engineer Nicolas Léonard Sadi Carnot developed the
Carnot engine and its corresponding cycle which have now become a language for discussing ideas of efficiency and temperature in equilibrium thermodynamics. What he
came upon turned out to be the most minimal thermal engine physics allows for, and
whose concatenation and modification allows us to explore the thermodynamics of thermal machines more generally.
The setup involves two thermal reservoirs coupled to two different ends of a piston
filled with an ideal gas, one at TH and the other at TC such that TH > TC . The process is
reversible and features 4 steps as in Fig 1.2.
1 → 2 Isothermal expansion (+∆Q) - Heat from the TH reservoir is absorbed by the ideal
gas in the piston to expand at constant temperature whilst it does work on the
environment.
5
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2 → 3 Adiabatic expansion (−∆W ) - The temperature gradient has been equalised but
the pressure in the piston decreases further resulting in the system doing work on
the environment at a cost of its own energy, cooling it down to TC .
3 → 4 Isothermal compression (+∆W ) - Pressure increases as work is performed on the
system and heat is transferred to the reservoir at TC to maintain the temperature
of the piston.
4 → 1 Adiabatic compression - Pressure continues to increase in the ideal gas but this
time heat is not trasferred out of the system allowing to reach TH once more.
We may also define the efficiency associated to this process as
η=

∆W
Q1

(1.6)

where work carried out by the system is the area enclosed by the cycle and Q H is the
heat transferred to the system by the hotter reservoir. What you get out over what you put
in. Making use of the first law, the efficiency of Carnot cycle can be restated as
η=

Q
Q H − QC
= 1− C
QH
QH

(1.7)

following from ∆W = ∆Q = Q H − QC.
Note that throughout this work we will adopt the sign convention + when our system
receives energy through heat exchange or when work is done on it and − when our
system loses energy by exchanging heat or carrying out work.
Carnot’s Theorem
No engine operating between two reservoirs can be more efficient than a Carnot
engine operating between those two reservoirs.
Corollary - All Carnot engines operating between the same two reservoirs have
the same efficiency. As a result of this theorem we can now define temperature in
terms of efficiency [10]
η=

T
TH − TC
= 1− C
TH
TH

(1.8)

which gives the following for Carnot engines comparing with eq 1.7.
QH
T
= H.
QC
TC
6

(1.9)
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Mechanical formalisation of Temperature Much like the Hamiltonian is one phenomenological model which gives us a way to formalise the naturalistic notion of energy,
Carnot cycles offer a powerful way to formalise the sense experience notion of temperature.
W2

W1

T1

Q1

C1

Q2

T2

Q2

C2

Q3

T3

Consider two Carnot engines joined by a common reservoir. Directly from (1.9) we have
that
Q
T1
= 1
T2
Q2

T2
Q2
=
T3
Q3

(1.10)

respectively. Multiplying the the two equations we have an equality from the total composite process
T1
Q
= 1.
T3
Q3

(1.11)

It is clear that this process can be extended to reach any arbitrary temperature allowing
us to formally define temperature and an associated scale which is equivalent to the
Ideal gas temperature scale [10]. In this sense we can interpret temperature as the the
ratio between heat exchanges of two baths across the most efficient thermal machine
possible, the Carnot cycle.
Temperature can also be defined in a more general and axiomatic setting as a property of a system at equilibrium with a bath, as we’ll investigate in the coming pages
within the context of Statistical mechanics.

1.1.1.2 | Entropy in Phenomenological Equilibrium Thermodynamics
Whilst it was straightforward for us to relate work to thermodynamic state parameters
via the 1st Law earlier, the inexact differential expression for heat exchange requires
some more effort.
Let us consider a Carnot cycle occurring between two reservoirs T1 and T2 with corresponding heat exchanges Q1 and Q2 which will clearly obey (1.9). If we postulate that
7
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this Carnot cycle can be broken down into a concatenation of infinitesimal Carnot cycles
which exchange some infinitesimal heat with the reservoir dQ then we obtain
T1
dQ1
dQ1
dQ2
=
=⇒
=
.
T2
dQ2
T1
T2

(1.12)

If the process is a reversible cycle returning to the same temperature we then obtain
I

dQ
=0
T

(1.13)

where T is the temperature of the reservoir in this cycle. In this way recover the idea
that Carnot cycles exchange no heat in (1.13) but, if the process is irreversible and some
heat is dissipated out of the system into the bath this equality is weakened giving
I

dQ
≤0
T

(1.14)

known as Clausius’ Inequality. We may use this quantity to define an extrinsic state
function which Clausius called entropy (S) such that
∆S A→ B ≥

Z B
dQ
¯
A

T

(1.15)

which in turn solves our inexact differential issue giving dQ = TdS for cyclic, reversible
and entropy preserving processes - such as the Carnot cycle. From this definition, entropy is seen as the quantifier for what ruins Carnot efficiency and introduces the idea
of disorder but this definition’s strongest insight is that entropy is a measure of how
irreversible a process is. This then leads to the 2nd phenomenological law of thermodynamics which asserts that in general processes are irreversible in the Universe and as a
result entropy is increasing.
The Second Law
The entropy of the universe is a non-decreasing function of time,
∆S ≥ 0.

(1.16)

Kelvin and Planck reformulated the 2nd law in similar terms as the notion that no
process is possible whose sole result is the extraction of energy from a heat bath, and the conversion of all that energy into work. Where, in this formulation they are asserting that in
general processes do not occur at Carnot efficiency.
8
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1.1.2 | Statistical Mechanics
Whilst the phenomenological equilibrium thermodynamics we have described so far
was motivated by a mechanistic context, statistical mechanics endeavours to understand thermodynamics for its own sake. In this theory, scholars like Ludwig Boltzmann,
Josiah Willard Gibbs, Paul Ehrenfest and others in the tail end of the 19th century wished
to understand thermodynamics beyond extrinsic quantities like pressure and volume.
Instead, they reproduced this coarse grained understanding of large systems by accurately describing the collective average behaviour of their constituents as given by their
position and momenta.
Taking an example, if we wish to understand a gas in a piston we know phenomenologically that it can be described by pressure, volume and temperature but can we show
that these ideas of pressure, volume and temperature arise from an understanding of
the behaviour of the particles that make up the gas? Statistical mechanics is the affirmative answer to this question. Phase space is a multidimensional probability space where
each point, known as a microstate, corresponds to a configuration of the system as codified by position (q) and momentum (p). This object is the basis for the mathematical tool
set of statistical mechanics which can only be used effectively in the context of a central
axiom, the ergodic hypothesis.
The Ergodic Hypothesis
Over sufficiently long time, the time for which a system occupies a state (microstate) in phase space with the same energy is proportional to the volume of
this region in phase space.
Alternatively, the occupation of each microstate is equiprobable over sufficiently
long time.
As a result of this hypothesis, integrating microstate ensembles (probability distributions) over phase space gives us an understanding of the average behaviour of these
microstates and so of the macroscopic behaviour system. Such that some arbitrary average quantity maybe found as

R
⟨ A⟩ =

d3N qd3N A( p, q)P ( p, q)
R
d3N qd3N P ( p, q)

(1.17)

where N is the dimension and P ( p, q) is a probability distribution whose physical meaning will be explored in Section 1.1.2.2.

9
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Figure 1.3: A mental picture of statistical mechanics in an open systems context, including a system which is weakly coupled to a much larger system that acts as a bath at
temperature β−1 and whose energy is described by a Hamiltonian HB . The possible energy levels that the system can occupy are then described by a probability distribution
over its phase space. The visualisation given here is inspired by an atom trapped in a
cavity, in this case the system which we have fine control over, which interacts weakly
with a fermionic gas which we can think of as the bath whose degrees of freedom are
inaccessible to us as external agents.

1.1.2.1 | Understanding Entropy through a Statistical Lens
By the ergodic hypothesis 3 it is clear that a thermodynamic system wishes to maximise
the number of microstates (Ω) it covers over time. From the second law of thermodynamics, we know also that over time, entropy is always increasing and so we seek
to relate these two quantities on phenomenological grounds. Since entropy is extrinsic
meaning S = ∑i Si and Ω = ∏i Ωi then they may only be related via a logarithmic
expression giving the celebrated Boltzmann relation for the microcanonical formalism
S = k B log Ω

(1.18)

where k B is the dimensionless Boltzmann’s constant.
This definition of entropy clarifies the relationship with disorder as more states a system
3 The

ergodic hypothesis, also known as Boltzmann’s hypothesis was at the time, strikingly deep intuition on the part of Boltzmann. Later, this hypothesis was furnished by independent work of Birkhoff and
von Neumann [12, 13].

10
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can occupy intuitively gives more options and so more disorder. It also begins to point
towards a relationship with the information content of a system which we will explore
shortly.
Fairly recently, Deffner and Zurek [14] reformulated the basic notions of statistical
mechanics, including (1.17), starting from entanglement.
The Third Law (Nernst’s Theorem)
In classical systems, the change in entropy vanishes as the temperature approaches absolute zero
lim ∆S = 0.

T →0

(1.19)

Taking the view provided by (1.17), we should have that at T = 0, Ω = 1, the ground
state for some perfectly crystalline material, giving S = k B ln(1) = 0, making sense of
this law. Alternatively, this Law could be taken to mean that zero temperature states are
unattainable as they require perfect adiabatic processes. For a deeper discussion of this
law and an exploration into how it can be adapted into modern era physics refer to [15].

1.1.2.2 | Formalism
To derive the canonical formalism of statistical mechanics [11, 16, 17] consider a large
closed system which can be split into two parts we will call the system of interest and
the reservoir. Again note that these are a part of the same large system. The energy of
this system will be governed by a total Hamiltonian
Htot ( p, q) = HS ( pS , qS ) + HR ( p R , q R )

(1.20)

which for a given state will give Etot ( p, q) = ES ( pS , qS ) + ER ( p R , q R ). Now, we wish
to know the probability that the system of interest has some energy ESj which can be
expressed as a ratio of the total microstates of the system. With the system of interest
being fixed at a given energy, what we can count are the microstates of the reservoir at
energy Ω R ( Etot − ESj )

P ( ESj ) =

Ω R ( Etot − ESj )
Ωtot ( Etot )

Next, we make use of the Boltzmann relation (1.18) giving



1
exp k−
S
E
−
E
tot
R
Sj
B


P ( ESj ) =
1
exp k−
S
E
(
)
tot
tot
B
11

(1.21)

(1.22)
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and defining U to be the average energy of the subsystem such that by the first law and


U − ES
a Taylor expansion SR U − ESj ≈ T j we arrive at


1
−1 (U − E ))
exp k−
(
S
E
−
U
+
T
(
)
tot
R
Sj
B


P ( ESj ) =
1
exp k−
B ( SS (U ) + S R ( Etot − U ))



1
P ( ESj ) = exp
U − TSS (U ) − Ej .
kB T

(1.23)

(1.24)

Defining
β :=

1
kB T

F := U − TS

(1.25)

the inverse temperature and Helmholtz free energy, a Legendre transformation of the
energy creating a function dependent on T as opposed to S we then have

P j = e β( F − Ej ) .

(1.26)

The sum of probabilities is equal to one
e βF ∑ e− βEj = 1

(1.27)

Z := e− βF = ∑ e− βEj

(1.28)

j

allowing us to define

j

the partition function. Finally giving,
1

∑ P j = Z ∑ e−βE

j

=1

(1.29)

j

j

P ( p, q) =

e− βHS ( p,q)
Z

(1.30)

the canonical or Gibbs Ensemble. We also see now that the partition function gets its
name from telling us how the energy contributions are partitioned throughout the ensemble. A summary4 of this formalism is provided above.
4 Above,

the energy spectrum is assumed to be discrete. If it were continuous we would of course have

Z=

1
h3

Z

e− βH d3 qd3 p

where h is Planck’s constant and H is the Hamiltonian, for the canonical formalism. It is worth noting that
the h factors are included to ensure that Z is dimensionless

12
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Canonical Formalism

Ω R ET − E j
Pj =
Ω T ( ET )

Grand Canonical Formalism

Ω R ET − Ej , NT − Nj
Pj =
Ω T ( ET , NT )

F = U − TS

Φ = U − TS − µN

ZC = e− βF = ∑ e− βEj

ZG = e− βΦ = ∑ e− β( Ej −µNj )

j

j

Table 1.1: A summary of the main tools of statistical mechanics. Throughout, T refers to
total.
It should be highlighted that the canonical and grand canonical ensembles have different uses. In the case of a canonical ensemble, the system is only able to exchange
heat with the reservoir whilst in the case of the grand canonical ensemble, the system is
able to exchange heat and particles - hence the addition of the chemical potential which
should model such an exchange.
Free Energy or Thermodynamic Potential
In the context of the 1st law of thermodynamics ∆E = ∆W + ∆Q the definition of
free energy
F = U − TS

(1.31)

is clearly just an expression for work such that for equilibrium thermodynamics
we have ∆E = ∆F + ∆Q. As such, one can think of the free energy as a measure of
a system’s capacity to do thermodynamic work, in other words a thermodynamic
potential. The Legendre transform then takes us from energy to potential energy,
the same way that it does from a Hamiltonian to a Lagrangian. It also results in a
quantity which is dependent on T as a Lagrange multiplier which constrains the
maximisation of entropy or minimisation of free energy for a Boltzmann distribution [18].

An Example - The Ideal Gas

Consider a gas of N particles without external potential

and mutual interactions [16] in a volume V in contact at equilibrium with a heat and
particle reservoir at temperature T and chemical potential µ. The Hamiltonian for the
ideal gas is purely kinetic
N

H ( p) =

⃗p2

∑ 2mi .

i =1

13

(1.32)
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The grand canonical partition function has within it the canonical partition function
N

ZG = ∑ e− β(Ei −µNi ) = ∑ e− βEi e βµNi = ∑ ZC e βµNi = ∑ ZC ziN
i

i

i

(1.33)

i

where z is the fugacity. So let’s start with the canonical partition function. To begin with,
the Hamiltonian is a continuous operator in the position basis and we have a factorisable
partition function due to the particles being identical giving
VN
ZC =
N!h3N

N

∏

Z ∞

i =1

−⃗p2i
d pi exp
2mk B T
−∞


3



VN
=
N!h3N

Z

∞

−⃗p2i
d pi exp
2mk B T
−∞


3

 N
.
(1.34)

This is a friendly Gaussian integral

R∞

2

−∞

ZC =

e− x dx =

√

π in 3N dimensions giving

V N (2πmk B T )3N/2
N!h3N

(1.35)

As a preliminary result, identifying that without the dimensional corrections we have
a quantity which is the momentum cubed we can define the characteristic thermal momentum
pT =

p

2πmk B T

(1.36)

which gives the thermal de Broglie wavelength
h
h
=√
pT
2πmk B T

λT =

(1.37)

that characterises the regime under which quantum effects become prevalent for an
ideal gas if
V
≤ 1.
Nλ3T
Moving on, the grand canonical partition function
∞

ZG =

∑

N =0

and recalling ∑∞
n =0

xn
n!

1
N!



Vz
λ3T

N
(1.38)

= e x we have


ZG = exp

Vz
λ3T



=⇒ Φ = −k B T
14



Vz
λ3T


.
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The grand canonical potential allows us to analyse various facets of the system through
the relation
dΦ = − PdV − SdT − Ndµ

(1.40)

so

N=−

∂Φ
∂µ


T,V



Vz
= 3
λT

P=−

∂Φ
∂V





= −k B T

z
λ3T


(1.41)

combining the above
PV = Nk B T

(1.42)

the equation of state for ideal gases.
In this formalism, the original conception of the Gibbs ensemble, we have considered a distribution of microcanonical systems which which satisfy a Boltzmann distribution at equilibrium as part of larger closed system, at temperature β−1 . But, there is
an alternative side to this thermodynamic coin.
Statistical Mechanics for Open Systems

Consider a situation as presented in Fig 1.3

where we have an open system involving a system of interest such as an oscillator which
is weakly coupled to some gas which acts as bath with temperature β−1 . If the system of
interest is at equilibrium with the bath at temperature β−1 then the state of this system
can be described by a Gibbs ensemble. The Hamiltonian of the whole system Htot can
be expressed
Htot = HS + HB + HSB

(1.43)

in terms of the Hamiltonian of system of interest, bath and system-bath interaction respectively. Since the whole system is at equilibrium at temperature β−1 then as a whole
it obverses as Boltzmann distribution as

P=

e− βHtot
Ztot

(1.44)

the state of the system of interest, which we may call the reduced system, can now be
found from this expression by tracing over the degrees of freedom of the inaccessible
bath [17].


PS = trB

e− βHtot
Ztot
15



=

e βHS
ZS

(1.45)
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provided that system-bath interaction is vanishing due to weak coupling. It is fascinating to note that it can be shown [17] that the partition function of the system can be
expressed as the ratio of the partition function of the bath and the total system

Ztot
.
ZB

ZS =

(1.46)

This process of tracing over inaccesible degrees of freedom is implicitly irreversible as it
discards information about the bath and the system and bath’s interaction. As a result
leading to the production of entropy [19] in this context. This formalism provides a
more physically relevant picture than that offered by original reservoir picture. These
reduced states are ubiquitous in the thermodynamics of open systems and in a quantum
context are called Gibbs states which shall be explored in the coming lines.

1.1.2.3 | Statistical Mechanics for Quantum Equilibrium Thermodynamics - The
Gibbs State
The Quantum Ergodic Hypothesis
A given statistical quantum state |ψ⟩ = ∑n cn |ψn ⟩ satisfies [16]
■

Equiprobability Over long enough time, all states contribute equally to the
system
c∗n cn′ = lim

T →∞

■

Z
1 T

T

dt c∗n (0)cn (0) =

0


r,

E ≤ En ≤ E + δE

(1.47)

0.

Random Phase If n ̸= n′ then
c∗n cn′ = 0

(1.48)

the phase of the wavefunction is a random variable. This presupposes weak
coupling to the environment which randomises the phase.
Quantum mechanics emerged from statistical mechanics, so it is not a surprise that
the thermodynamics of quantum systems at equilibrium is readily amenable to the formalism of canonical ensembles with some change in notation.
Indeed, consider once more eq. (1.29)
1

∑ P j = Z ∑ e−βE
j

j

16
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If we had a quantum mechanical system weakly interacting with a bath at equilibrium,
with a Hamiltonian HS = ∑ j Ej | Ej ⟩⟨ Ej | that has a discrete energy spectrum Ej with associated eigenkets | Ej ⟩, this equation would only need to be modified slightly

tr{ρ} =

1

∑ P j = ∑ ⟨Ej | ρ |Ej ⟩ = Z ∑ e−βE
j

j

j

=1

(1.50)

j

where the probability distribution has now been upgraded to a density matrix and the
phase space furnished with a projective Hilbert space that is spanned by the eigenbasis of the Hamiltonian operator5 of this quantum system. In this way, we are able to
associate this canonical ensemble 6 with the density matrix

ρ=

e− βHS
1
=
Z
Z

∑ e−βE |Ej ⟩⟨Ej |
j

(1.51)

j

known as a Gibbs state [20, 21, 22, 23] at times denoted ρ β . In this context, the partition
function can be found as

n
o
Z = e− βF = tr e− βHS

(1.52)

and is what normalises the density matrix. Quantum canonical ensembles outside of
the open systems context can be thought of as many weakly interacting sub-systems with
a local Hamiltonian of the form

H=

∑ hi ⊗ I

(1.53)

i

that has bounded strength and acts non-trivially on at most k < N particles.

5 Hats

will not be used to denote operators in this document.
similar process can be carried out for grand canonical ensembles which are used to describe quantum gases. These aren’t too useful for us.
6A
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Generalised Boltzmann’s Entropy and von Neumann Entropy
The Boltzmann Entropy relation
S = k B ln Ω

(1.54)

stands in the microcanonical formalism where each microstate is equally probable
but in the canonical context we now have distributions over phase space which
are ergodic giving
S = − ∑ P j ln P j

(1.55)

j

which reduces to Boltzmann’s relation for P j =

1
Ω.

In a quantum context, this

generalised entropy is known as the von Neumann entropy and can be expressed
as
S(ρ) = −tr {ρ ln ρ} = − ∑ λ j ln λ j

(1.56)

j

where λ j are the eigenvalues of ρ.

For quantum states the von Neumann entropy quantifies the entropy of the information that the quantum state is encoding and so is well-defined for arbitrary quantum
states. The Gibbs entropy can be shown to coincide with the von Neumann entropy of
a Gibbs State as one would expect. Consider that the Gibbs entropy may be expressed
in terms of the Gibbs Free Energy as

F = U − TS =⇒ S = − β (U − F )

(1.57)

SG = − β (⟨ H ⟩ − t ln Z ) = − βtr {ρH } + ln Z

(1.58)

where the internal energy U is identified with the expectation value of the Hamiltonian.
Since this is the entropy of a Gibbs state we have

= −β ∑
i

e− βEi
E + ln Z .
Z i

(1.59)

For malleability, we may multiply the logarithm of the partition function by the trace of
18
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the density matrix, which is 1 giving

= −β ∑
i

= −β ∑
i

e− βEi
E + ln Z tr{ρ}
Z i

(1.60)

e− βEi
e− βEi
e− βEi
Ei + ln Z ∑
=∑
(− βEi + ln Z )
Z
Z
Z
i
i
  − βH 
e
e− βEi
= −∑
ln
Z
Z
i

= − ∑ λi ln λi = −tr {ρ ln ρ} = SvN .

(1.61)
(1.62)
(1.63)

i

In this circumstance, the von Neumann entropy is equal to the Gibbs entropy giving an
explicit connection between information and thermodynamics. This equivalence stops
to hold when a quantum state has coherences relative to the energy eigenbasis of the
system Hamiltonian. This is because the quantum state now not only contains thermodynamic information pertaining to the population probabilities but also of probabilities
of populations at superpositions of energy levels! A notion which is not trivial to relate
to thermodynamic circumstance as there is no unique way to do so. Such ideas have
very recently been discussed in [24].
We may also use this formalism to show that Gibbs states satisfy the characteristics
of the canonical ensemble.
Gibbs States have minimal free energy and maximal entropy The free energy can be
defined for an arbitrary quantum state as
F (ρ) = ⟨ H ⟩ − tS(ρ).

(1.64)

where ⟨ H ⟩ = tr{ρH } and S is the von Neumann entropy defined prior. For a Gibbs
state, this will coincide with the Gibbs free energy
F (ρ β ) = − β

−1

ln Z = − β

−1



ln tr{e

− βH



} .

(1.65)

In general we have
F (ρ) = tr{ρH } + β−1 tr{ρ ln ρ} = β−1 tr{ρ(ln ρ + βH )}

(1.66)

by linearity of the trace. Considering the relative entropy of this arbitrary state ρ and
the Gibbs state ρ β we have
D (ρ||ρ β ) = tr{ρ ln ρ} − tr{ρ ln ρ β }
19
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which can be expressed in terms of the free energy as

D (ρ||ρ β ) = β F (ρ) − F (ρ β ) .

(1.68)

But, the relative entropy is known to be non-negative by Klein’s inequality [25].
D (·||·) ≥ 0.

(1.69)

As a result the Gibbs free energy is the lowest possible free energy or the free energy of
the Gibbs state is minimal. With this in mind, we may also say that for fully-degenerate
Hamiltonians, where all microstates have equal energy, the Gibbs state coincides with
the maximally mixed state
ρM =

1 d
|i ⟩⟨i |
d i∑
=0

(1.70)

where d is the dimension of the system.
Quantum Thermal Area Law for Gibbs States When considering a system whose
dynamics are described by a local Hamiltonian we may upper bound an expression
of the correlations formed between two subsystems, known as the mutual information,
through a free energy argument – provided these subsystems form Gibbs states.
Mutual Information
If a quantum system may be partitioned into two subsets A and B then the correlations formed between these two subsets may be quantified by the mutual
information defined as

I( A : B) = S(ρ A ) + S(ρ B ) − S(ρ AB ) = D (ρ AB ||ρ A ⊗ ρ B )

(1.71)

where ρi is the reduced density matrix with j having been traced out. This is
effectively the relative entropy between the system and a separable version of
the system where correlations have been traced out where this difference then
quantifies the correlations in the system.
Making this more tangible, consider a 1D Ising Chain governed by a transverse Ising
Hamiltonian. Then if we may partition the system into two thermal states, the correlations formed across these two subsystems will be upper bounded by the interaction
term of the boundary of these two subsystems. That is the interaction of their edge
20
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spins. To prove this consider [20, 26] that as shown before the Gibbs free energy is the
minimal free energy


F (ρ βAB ) ≤ F ρ βA ⊗ ρ Bβ .

(1.72)

This being said, both free energies maybe associated to a Gibbs entropy since they are
associated to thermal states via F (ρ) = ⟨ H ⟩ − tS(ρ) giving


I( A : B) = S(ρ βAB ) − S(ρ βA ⊗ ρ Bβ ) ≤ β tr{ Hρ βA ⊗ ρ Bβ } − tr{ H }ρ βAB .

(1.73)

where the LHS is equal to the mutual information by additivity of the entropy. Since for
Gibbs states we have local Hamiltonians we have
H = H A + HB + H I

(1.74)

where H I is the interacting term. By definition the expectation values of H A + HB agree
for the separable and joint state since they include no interaction
tr{( H A + HB ) ρ βA ⊗ ρ Bβ } = tr{( H A + HB ) ρ βAB }

(1.75)



I( A : B)ρ AB ≤ β tr{ H I }ρ βA ⊗ ρ Bβ } − tr{ H I }ρ βAB

(1.76)

This gives

β

which can be manipulated through the usual operator norm inequalities


≤ || H I ρ βA ⊗ ρ Bβ − ρ βAB ≤ || H I || × ||ρ βA ⊗ ρ Bβ − ρ βAB ||


≤ || H I || × ||ρ βA ⊗ ρ Bβ || + ||ρ βAB || = 2|| H I ||.

(1.77)
(1.78)

Finally we have

I( A : B)ρ AB ≤ 2β|| H I ||.

(1.79)

β

1.1.2.4 | Statistical Mechanics isn’t enough to describe Quantum Thermodynamics
Whilst states which are diagonal with respect to the energy eigenbasis of a Hamiltonian,
which is to say Gibbs states, are suitable to the formalism of statistical mechanics – this
is not in general true for all quantum states. If quantum states feature off-diagonal
coherence terms, and so feature superpositions of populations of given energies, there
is no way to readily interpret this in the language of statistical mechanics.
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Secondly, as we’ll see later on work and heat exchange cannot be defined in general
from some partition function. And, they cannot be associated to an observable. So their
treatment in a quantum context often involves measuring a system at different times to
obtain values for these quantities [27].
Thirdly, the dynamics of quantum states is often that of fluctuating, out-of equilibrium complex systems. Something that statistical mechanics, an idea built around
equilibrium, is fundamentally ill-equipped to face. Introducing nonequilibrium thermodynamics is the subection of the coming section whilst nonequilibrium quantum
thermodynamics will be introduced in Chapter 3.
Lastly, it is unknown whether the ergodic hypothesis is true for quantum systems.
Here there is a modification of this hypothesis in the quantum context known as the
eigenstate thermalisation hypothesis [28, 29], a full understanding of which is an open
problem. Although it seems like quantum systems in general do thermalise to an equilibrium state (indeed I am able to type these letters) there are systems that seemingly
do not, featuring subsystems known as quantum scars. Thus, a complete understanding
of the eigenstate thermalisation hypothesis and scarring must be achieved for the tools
of statistical mechanics to be applied to describing the long time dynamics of quantum
states.

1.2 | Nonequilibrium Thermodynamics

Figure 1.4: Reproduced from [30], three tracings of the motion of colloidal particles
of radius 0.53 µm, as seen under the microscope, are displayed. Successive positions
every 30 s are joined by straight line segments (the mesh size is 3.2 µm). Adapted by
MiraiWarren.
22
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Real physical systems are messy. At equilibrium we see that all processes are irreversible due to entropy being increasing as is stated in the 2nd Law, but nature is
more complicated than this. We see many phenomena in chemistry and biology where
we have fluctuations between backwards and forwards processes and processes where
states evolve dynamically out of equilibrium with a bath in stochastic processes. These
are the ideas which are explored in nonequilibrium thermodynamics.
In the 1930s, Norwegian physicist Lar Onsager [31] proposed to model thermodynamic systems that were out of equilibrium by assuming that their constituents are in
local equilibrium. In this context, whilst there is local equilibrium, the properties of the
system vary temporally and spatially.
In general, this formulation involves the expression of time-derivatives of extrinsic
parameters which are called thermodynamic fluxes
Jk =

dXk
dt

(1.80)

allowing us to express the rate of entropy production as
dS
=
dt

∂S dXk
=
dt

∑ ∂Xk
k

∑ Fk Jk

(1.81)

k

where Fk are thermodynamic forces or affinities. For systems in local equilibrium with small
affinities, Jk can be written as a function of Fk
Jk =

∑ L j,k Fj

(1.82)

k

and L j,k are the kinetic coefficients up to first-order defined as
L j,k =

∂Jk
∂Fj

Fj =0

.

(1.83)

The Fourth Law (Onsager’s Theorem)
The matrix of kinetic coefficients is symmetric
L j,k = Lk,j .

(1.84)

In essence, this shows that if a system is said to be time-reversible despite being in
a non-equilibrium state, then the flow of macroscopic extrinsic parameters must exhibit
symmetry expressed by the Onsager reciprocity relations. For a more detailed discussion consider [11, 31, 32].
23

Chapter 1. Thinking Thermodynamically

1.2. Nonequilibrium Thermodynamics

1.2.0.1 | The Thermodynamics of microscopic Stochastic Systems
Beyond the work of Onsager, random systems that are much farther away from equilibrium were studied by Langevin, Einstein and others throughout the 20th century mainly
to deal with the idea of Brownian motion. Dealing with stochastic forces in these systems
led to the emergence of concepts like fluctuation and dissipation which are an important
part of modern nonequilibrium thermodynamics. Most notable is the development of
the Langevin equation
m ẍ + mγ ẋ + V ′ ( x ) = ζ (t)

(1.85)

where m is the mass of the particle, γ is a damping coefficient, V ′ ( x ) is a conservative
force and ζ (t) is a stochastic force. This force is seen to describe the randomness in
an open system due to thermal fluctuations. Let’s now examine how these concepts
evolved to contribute to modern nonequilibrium thermodynamics.

1.2.1 | The Fluctuation Theorems
When introducing entropy via Clausius’ inequality (1.15) we saw that the change in
entropy was defined for an irreversible process and so the 2nd Law (1.16) may be interpreted as the fact that on in the Universe most processes are irreversible, leading
to the related concept of the arrow of time. This is contentious because clearly we see
unitary time dynamics everywhere, especially in quantum systems. This is known as
Loschmidt’s paradox or the reversibility paradox [33]. We must therefore, find a way
to recover the second law, which is apparent at large scales, from the regime of small
interactions where reversibility dominates. This is the role of the Fluctuation Theorems
[34, 35, 36, 37, 38] that reconcile this difference between the regimes.
A macroscopic reversible system is one whose phase space contains an anti-(time reversed) trajectory corresponding to every trajectory in the space and where both of these
classes of trajectories is equally likely. On the other hand, if the probability of observing anti-trajectories is small than a macroscopic system is said to be irreversible [38]. In
this setting the mechanism to relate microscopic reversibility to macroscopic irreversibility must then be probability. This is the route that Evans and Searle [34, 35] pursued
when having to face this paradox in the context of describing the statistical mechanics
of sheared liquids which involved thermodynamic fluctuations. They show that for a
system that evolves from an initial state of equilibrium to a nonequilibrium state we
have [39]

Pτ (+∆S)
= e∆S/k B
Pτ (−∆S)
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the ratio of probabilities (P ) of observing postive and negative entropy production up
to time τ > 0 may be expressed as an exponential function of the change in entropy. In
such a picture, irreversible processes that occur forwards in time produce entropy whilst
reversible processes which can occur backwards in time produce negative entropy. This
is a sensible heuristic because what it expresses is that negative entropy production
is exponentially unlikely, if the change in energy is positive and large. Similarly, this
argument can be given in terms of time, that is negative entropy production is more
likely to occur on very small time scales and vanishingly probable to occur on larger
time scales. From (1.86) one attains the integrated fluctuation theorem

⟨e−∆S/k B ⟩ = 1

(1.87)

⟨∆s⟩ ≥ 0

(1.88)

which implies

where ⟨·⟩ is denoting an average. That is, on average even in a nonequilibrium system,
we expect a generalisation of the Clausius inequality and the second law to hold. The
relations presented above are largely of a heuristic nature and form a phenomenological
foundation for more formal nonequilibrium thermodynamics.
In the case of equilibrium thermodynamics, the Carnot cycle told us how to extract
the most work out of a system. Make it cyclic so that there is no change in entropy and
you get maximum work. But in the case of nonequilibrium thermodynamics where the
situation is less clear we need some new tools. The formalisation of the ideas developed
by Crooks [37] and Jarzynski [36] amongst others give us what we need.

1.2.1.1 | Jarzynski’s Equality
Consider a system [39, 40], that is weakly coupled to some environment at inverse temperature β and under-damped with a work stochastic parameter

7

λ. Denoting a mi-

crostate in the phase space of this system as Γ = (qi , pi ) with Hamiltonian H = (Γ; λ) we
may describe the evolution of probability distributions over this phase space through
the Liouville equation
∂P (Γ; λ)
= − {P (Γ; λ), H (Γ; λ)}
∂t
7 One

(1.89)

can think of this quantity as the force being applied to the system at a given time. Note also that
the nonequilibrium physics is originating from this parameter.
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where {·, ·} is the Poisson bracket. Since the system is weakly coupled we can assume
that is at equilibrium with the environment initially and described by a canonical ensemble

P0 (Γ; λ) =

e− βH (Γ;λ)
Z(Γ;λ)

(1.90)

which is then evolved out of equilibrium by (1.89). The intrinsic work [41] may be
described as the difference in the Hamiltonian over a time τ on a path in phase space
from an initial point Γ0 to Γτ
W = H ( Γ τ ; λ τ ) − H ( Γ0 ; λ0 ).

(1.91)

Note that (Γ0 ; λ0 ) and (Γτ ; λτ ) are both equilibrium states but the states connecting them
need not be. To derive Jarzynski’s equality, we now consider the exponentiated work
over this ensemble over this path in phase space

⟨e

− βW

⟩=

Z

dΓ0 P0 (Γ0 ; λ0 )e

=

Z

− βW

dΓ0

=

Z

dΓ0

e− βH (Γ0 ;λ0 ) − βW
e
Z(Γ0 ;λ0 )

e βH (Γτ ;λτ )
Z(Γ0 ;λ0 )

(1.92)
(1.93)

where we made use of (1.90) allowing us to express the average exponentiated work in
terms of the final state probability. Next we change the variables of integration

=

1

Z(Γ0 ;λ)0

Z

dΓτ

∂Γτ
∂Γ0

−1

e βH (Γτ ;λτ ) =

1

Z(Γ0 ;λ0 )

Z

dΓτ e βH (Γτ ;λτ ) =

Z(Γτ ;λτ )
Z(Γ0 ;λ0 )

(1.94)

where that the Jacobian is equal to 1 by Liouville’s Theorem and we have made use
of the definition of the partition function, assuming a Hamiltonian whose spectrum is
continuous. Recalling the definition of the free energy in terms of the partition function
F = −k b T ln Z we have

⟨e− βW ⟩ = e− β( F(Γτ ;λτ )− F(Γ0 ;λ0 )) = e− β∆F ,

(1.95)

Jarzynski’s equality. This equality gives us a way to calculate the average work done in
nonequilibrium processes by relating it to free energy changes at equilibrium.

−k B T ln⟨e− βW ⟩ = ∆F

(1.96)

Making use of (1.95) and Jensen’s inequality ⟨e x ⟩ ≥ e⟨x⟩ we obtain the inequality

⟨W ⟩ ≥ ∆F.
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This inequality communicates that the equilibrium work, quantified by the change in
free energy, lower bounds the first moment of the work distribution. Indicating that
nonequilibrium work can be a much richer quantity than the work perceived by an
equilibrium process allowing for fluctuations to emerge in higher order moments of
this distribution.
(1.96) also allows us to estimate the likelihood of observing some given amount of
being carried out by the system where the probability of observing some work W below
∆F − ζ : ζ > 0 is found [39]
P [W < ∆F − ζ ] = e− βζ .

(1.98)

meaning that the probability of observing a process where the work is close to the the
macroscopically forbidden W < ∆F regime is exponentially low.

1.2.1.2 | Crooks’ Fluctuation Theorem
Where Jarzynski’s equality developed a relationship between an average of nonequilbrium work distributions and the free energy of equilibrium states at the start and outset
of an isothermal process, Crooks’ Fluctuation Theorem [37] develops a more pointed relationship between the probability of observing forward and reverse processes through
work distributions. In effect, formalising the heuristic argument of Evans and Searle
[35] presented as (1.86).
To derive this result, as described in [42, 40, 39], we again consider the evolution of
a thermodynamic system as described in 1.2.1.1 during t ∈ [0, τ ] under the stochastic
work parameter λt . A thermodynamic process or trajectory may be expressed as an
ordered set of microstates {Γ0 , Γ1 , . . . , Γ N } where the microstate Γn corresponds to the
microstate occupied at time tn = nτ
N . Next we make two assumptions;
■

This process is Markovian: a microstate Γn+1 is sampled randomly from a transition probability P that depends on Γn only.

■

The system satisfies the principle of detailed balance locally, it is microscopically
reversible

P ( Γ0 → Γ ′ ; λ )
e− βH (Γ ;λ)
=
.
P ( Γ0 ← Γ ′ ; λ )
e− βH (Γ0 ;λ)
′

(1.99)

This means that the transition from one microstate to the next due to the work parameter is reversible and that local transitions occur between states at equilibrium
with their environment. This captures the idea of local equilibrium and global
nonequilibrium in the process.
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For a forward process, we have that first the work parameter is updated, then a new microstate is sampled at random. In a reverse process these two steps would be reversed.
In either case, it is clear that a process from t = 0 to t = τ can be constructed as the
product of smaller processes. In this context we have the change in energy
∆E = H (Γ N , λ N ) − H (Γ0 , λ0 )

(1.100)

as the differences in the Hamiltonian of the final and initial state. By the first law this
can be expressed in terms of work and energy exchanged8 . The work will correspond
to a change in the work parameter
N −1

W=

∑

H ( Γ i , λ i +1 ) − H ( Γ i , λ i )

(1.101)

i =0

whilst change in exchange energy will correspond to changes in the microstate due to
the environment
N −1

Q=

∑

H ( Γ i +1 , λ i +1 ) − H ( Γ i , λ i +1 ).

(1.102)

i =0

For the result, we describe the calculation from [42] where we begin by considering a
trajectory φ = {Γ0 , Γ1 , . . . , Γ N }. The probability that such a trajectory occurs can be
expressed as the probability of all the subprocesses occuring as a result of Markovianity

P ( φ) = P (Γ0 → Γ1 ; λ1 )P (Γ1 → Γ2 ; λ2 ) . . . P (Γ N −1 → Γ N ; λ N ).

(1.103)

Let φ R denote the time-reversed trajectory and then consider the ratio of the likelihood
that the forward trajectory occurs and the likelihood that reverse trajectory occurs

P ( φ)
P (Γ0 → Γ1 ; λ1 )P (Γ1 → Γ2 ; λ2 ) . . . P (Γ N −1 → Γ N ; λ N )
=
.
P ( φR )
P (Γ0 ← Γ1 ; λ1 )P (Γ1 ← Γ2 ; λ2 ) . . . P (Γ N −1 ← Γ N ; λ N )

(1.104)

But by the 2nd assumption, each step is microscopically reversible and so the detailed
balance condition is obeyed by every contributor to (1.104) giving

P ( φ)
e− βH (Γ1 ;λ1 ) e− βH (Γ2 ;λ2 ) . . . e− βH (Γ N ;λ N )
= − βH (Γ ;λ ) − βH (Γ ;λ )
0 1 e
1 2 . . . e − βH ( Γ N −1 ;λ N )
P ( φR )
e

(1.105)

which comparing with (1.102) gives

P ( φ)
= e− βQ
P ( φR )
8 Here

(1.106)

we are being sensitive to the fact that heat and temperature are not straight forward to define
out of equilibrium
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where Q is the energy exchanged with the environment. If one assumes that the trajectories start and end at equilibrium states we have

P ( φ)
e βF(λ0 )− βH (Γ0 ,λ0 ) ∏ N P (Γi → Γi+1 ; λi+1 )
= e− β(Q+∆F−∆E)
= βF(λ )− βH (Γ ,λ ) i=N1
N
N N ∏
P ( φR )
e
P
(
Γ
←
Γ
;
λ
)
i
i
+
1
i
+
1
i =1
F
P ( φ)
= e− β(−W ( φ)+∆F)
P ( φR )

(1.107)
(1.108)

by the first law, where W F denotes the work of the forward process such that W F ( φ) =

−W R ( φ R ). Finally this can be written in terms of work distributions as opposed to
trajectories by finding the average work over all possible trajectories [40]
Z
Z




P (+W ) = dφP ( φ)δ W − W F ( φ)
P (−W ) = dφ R P ( φ R )δ W + W R ( φ)
(1.109)
which by applying to (1.108) one attains Crooks’ Theorem

P (+W )
= e− β(W −∆F) .
P (−W )

(1.110)

If one defines the entropy production [19] as
σ = β(W − ∆F ) = βWdiss

(1.111)

where I’ve introduced the dissipative work [22], the we can state the Crooks Fluctuation
theorem as

P (σ)
= eσ
P (−σ)

(1.112)

which one can think of as a generalisation of the 2nd law of thermodynamics in a
nonequilibrium context. This is because if a system is producing large amounts of entropy, such as systems operating at equilibrium, then backwards process are exponentially unlikely and the notion of irreversibility is recovered. But should there be low
entropy production, perhaps in a quantum context, or negative entropy production,
then backwards process and fluctuations will become likely.
Interestingly, if one integrates the result over the forward work distribution, one
attains Jarzynski’s equality. Whilst Crooks’ theorem is a broader statement than the
Jarzynski equality, one notes that Crooks’ theorem stands only for Markov processes
whilst Jarzynski’s equality does not share this limitation. To model a situation where
correlations can form between the bath and a system one would be able to employ the
Jarzynski equality and not the Crooks fluctuation theorem. This theorem has been experimentally verified in the interesting setting of RNA folding [43].
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With the Jarzynski equality and Crooks theorem in hand, the fluctuation theorems
have given us a tool set with which to relate nonequilibrium work to equilibrium state
changes.
In Chapter 3, we will present a rederivation of the Fluctuation theorems in a quantum context by using the formalism of quantum channels which we will ultimately use
to analyse nonequilibrium thermodynamics in the context of the a quantum algorithm.

1.3 | First steps in Quantum Thermodynamics
A colleague once shared a warning with me that their supervisor9 had given them. It
goes, “there’s two ways to upset people at a quantum thermodynamics conference, ask them
what’s quantum about their work or ask them what’s thermodynamic about their work...”. Starting with the first point, as we’ve seen in the preceding section on statistical mechanics,
a great deal of quantum scenarios can be analysed directly using the tools of classical
statistical mechanics. The second point refers to the fact that outside of equilibrium, it
is very hard to associate quantities like work, temperature and heat exchange to processes
and as such many analyses are only able to speak of energetics as opposed to thermodynamics. With this warning in mind, it’s clear that it’s tough to know quite what is and
what isn’t quantum thermodynamics.
In this section I will review some of the initial ideas in studying the thermodynamics
of quantum processes which cannot be captured by statistical mechanics. Namely, I will
introduce recent grounding results around the generalisation of Carnot cycles [44, 40]
and entropy production in a quantum thermodynamic context [45, 46]. A presentation
of the quantum fluctuation theorems [47, 41] is deferred to a later chapter.
This is a bare bones presentation that leaves out treatments of quantum thermometry
[48], thermal machines [49], thermodynamic uncertainty relations [50, 51], discussions
on the thermodynamics of the generation [52] and destruction [53] of quantum coherence [54], theromajorisation [55] and other resource theoretic studies. This is done due
to the scope of this document. For more thorough and complete reviews consider [23,
22, 40, 56].
Before we jump in it’s good to have a word about the dynamics of quantum systems
that can exchange energy with a bath, in a general sense. The evolution of an open quantum system is given by a generalised form of the Heisenberg/von Neumann/quantum
9 The

supervisor in question was Prof Janet Anders.
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Liouville equation known as the GKSL10 or Lindblad master equation [57, 58, 59].

o
1n †
†
ρ̇(t) = L(ρ) = −i [ H, ρ] + ∑ Γ a L a ρL a −
La La , ρ
(1.113)
2
a >0
Here the first term describes unitary time evolution, Γ a describes the decay rate of the
coupling between the bath and the system and L̂ a are the Lindblad operators which
describe the interaction between the system and environment. This equation is Markovian, meaning it is local in time and the system has no memory or back propagation
effects. As such, no correlations can be established between the system and the bath
regardless of coupling strength. A system is said to be weakly coupled when the interaction term can be neglected that is Γ a ≪ 1. This being said, it is of course of deep
interest to allow a bath to establish correlations with a system. Especially when one is
trying to examine the quantum thermodynamics associated to a quantum information
protocol or the entropy production of a system coupled to a bath in a quantum setting, where investigating correlations is of interest. Several approaches exist here such
as the derivation of completely new non-Markovian master equations [58], collisional
models [60, 61], modifying the master equation ex: tweaking its coupling parameters
and making them negative or using interesting models that allow one to capture the
non-Markovian dynamics within some reduced state [62, 63].
In this work, we will make use of the operational tools of quantum channels, presented in Chapter 2, which will allow us to avoid the use of a master equation. For a
better presentation consider Chapter 3 of [57] and for a comprehensive treatment [58].

1.3.1 | Work is not an Observable
What makes it difficult to recast thermodynamics in a quantum setting is mainly dealing
with the notion of work. Work is not an observable [27] and so cannot have an associated
operator in any sense. Several attempts were made to develop such a formalism but in
[27] it was shown that this can conclusively bear no fruit. This was achieved by showing
that work is associated to a time ordered correlation function and not the difference of the
expectation values of Hamiltonians.
In [27] an initial thermal state
ρ β (0) =

e− βH (0)
Z (0)

(1.114)

is considered and evolved under the sole influence of a time dependent Hamiltonian
10 named

after Vittorio Gorini, Andrzej Kossakowski, George Sudarshan and Göran Lindblad
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Figure 1.5: An example of a work distribution from research carried out by the author
from the manuscript presented in Appendix A. This is the work distribution for the
control qubit in the DQC1 trace estimation algorithm for the set of 2 qubit gates given
by ISWAP(θ).
H (t). The characteristic function for the probability density of work was shown to be
G (u) = ⟨eiuH (t f ) e−iuH (0) ⟩
n
o
tr eiuH (t f ) e−iuH (0) e− βH (0)

=

(1.115)
(1.116)

Z (0)

where (1.115) is a time ordered correlation function giving the work distribution

P (W ) =

∑ pn p(m, t f |n)δ(W − (E(t f )m − E(0)n ))

(1.117)

n,m

where H (0) = ∑n En | E(0)n ⟩⟨ E(0)n | and H (t f ) = ∑m Em | E(t f )m ⟩⟨ E(t f )m |. This expression is composed of the initial state’s population probabilities pn = ⟨ E(0)n | ρ β (0) | E(0)n ⟩
2

and the conditional probability p(m, t f |n) = ⟨ Em (t f )| U (t f ) | En (0)⟩ where U (t f ) =
 Rt

f
H
(
t
)
dt
−
i
T e 0
and T [·] is the time ordering operator, of finding the final state at time
t f at energy E(t f )m given the initial state at time 0 was at energy E(0)n .
Physically, this corresponds to the following process known as a two-point-measurement
scheme (TPM). A TPM is a protocol for estimating the amount of work carried out by an
external force, (represented by the time dependent Hamiltonian) on a quantum system
in the following way. A measurement is first carried out on the initial Gibbs state collapsing it to one of the energy eigenstates | E(0)n ⟩ with probability pn . This eigenstate
then evolves under the influence of U for a time t giving |ψ⟩ = U (t) | E(0)n ⟩. This state
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is measured at a time t f , collapsing it to an energy eigenstate of the final Hamiltonian

| E(t f )m ⟩ with likelihood p(m, t f |n). In this sense, two measurements are required to
establish the work carried out on a quantum system.
This should not be too surprising if one keeps in mind the 1st law of thermodynamics as described in the first section. Work is not an exact differential, that is it has to be
described through a process and as such in a quantum context cannot be described by
some Hermitian operator whose eigenvalues can be obtained by a single projective measurement. We must therefore make two measurements at separate times to ascertain the
energy of the system at different points, gaining an understanding of the process, and
through this the work.
This formalism for work is still contentious. The act of measurement has an associated thermodynamic cost to it which spoils the completeness of this framework [64].
This puts a thermodynamic burden on a measuring device or observer which impedes
the thermodynamics of such a non-equilibrium system from being self-contained and
begs the question of why measure some energetics if the energetics of measurement is
more impactful than the energetics of interest. Additionally, whilst approaches exist to
learn about the work carried out to generate [52] and destroy [53] coherences in the energy eigenbasis, this is not directly the case. That is, one cannot directly learn about the
thermodynamics associated to terms describing a quantum state that are off-diagonal in
the energy eigenbasis [65].

1.3.2 | The 1st & 2nd laws for equilibrium thermodynamics in a
quantum context
Whilst we briefly met quantum equilibrium thermodynamics in the statistical mechanics section we did not properly treat this physics in the depth it requires. Even when
weakly-coupled, quantum systems often get entangled with their environment meaning
that there is some thermodynamic cost for the maintenance of these correlations, something which classical systems needn’t be concerned with. This means that the way we
think of heat and work is going to change in a quantum context for different equilibrium
states. Following the approach of [44, 40] we consider two equilibrium cases.
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1.3.2.1 | Gibbs States
As introduced in 1.2.3, Gibbs states are quantum states that represent open quantum
systems that can be modeled by a canonical ensemble and as such take the form
ρ̂ β =

e− βH
Z

(1.118)

where Z is the partition function and H is a local Hamiltonian.
This means that the system is weakly coupled with some bath at equilibrium with
temperature β−1 . It is worth emphasising that Gibbs states represent situations where
there are no coherences in the quantum state relative to the energy eigenbasis of the
system’s Hamiltonian. The entropy of the Gibbs state is the Gibbs entropy which can be
expressed in terms of the Gibbs free energy as
Sβ = β ( E − F ) = β tr{ρH } − Fβ



(1.119)

so for quasistatic, isothermal processes we have
dSβ = β (dE − dF ) = β tr{dρH } + tr{ρdH } − dFβ



(1.120)

but tr{ρdH } is an expression of work and so an expression of the change in free energy
giving
dSβ = βtr{dρH } = βδQ.

(1.121)

As such, our first law of thermodynamics changes in this context to
dE = δQ + δW = tr{δρH } + tr{ρδH }

(1.122)

where work is identified with a change in the Hamiltonian and heat is identified with a
change in the state. This recovers the familiar
dE = tdS + dF

(1.123)

where tdS is the entropic cost associated to the work done for change in energy.

1.3.2.2 | Non-Gibbsian Equilibrium States
Consider the state of a quantum system that is still weakly coupled to a bath such that
it does not continuously receive energy from the bath, but differs from a Gibbs state
in that correlations may be established with the bath, that is a non-Gibbsian equilibrium
state. The dynamics of a system described by such a state are implicitly non-Markovian.
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In this context, heat may not exclusively be associated with changes in the state as some
heat may contribute to the maintenance of these established correlations.
To model such a system, one assumes that some reduced part of the ensemble can
be thought of as a stationary Gibbs state leading to a Gibbs-like state
σ̂ =

e− β( Ĥ∆ +∆)
Z∆

(1.124)

where H∆ is the reduced Hamiltonian, Z∆ is the modified partition function and ∆,
which can be thought of as what perturbs the Gibbs state, includes the interaction between the system and bath as well as contributions due to quantum correlations. Now
we can quantify the entropy of the non-Gibbsian state using the von Neumann entropy
which is well defined for all quantum states and use this to modify the quantum first
law for Gibbs states (1.122) by considering the difference in entropy between this nonGibbsian state and the reduced stationary state (1.118). Consider the modification to
(1.120)


dS = β (E − F ) = β tr{σH } − ( F + β−1 D (σ||ρ))

(1.125)

where E is the internal energy given by the free energy of the reduced Gibbs state and we
use difference in entropy (relative entropy) between the entropy of the stationary state
and the non-Gibbsian state to define the information free energy11 [66]. For an isothermal,
quasistatic process we have
dS = β (tr{dσH } + (tr{σdH } − dF ))

(1.126)

dS = β (δQtot − δQc ) = βδQex

(1.127)

dE = δWex + δQex =⇒ dE = tdS + dF .

(1.128)

allowing us to identify

and

Most notable here is the definition of δQc = dF − tr{σdH } the energetic cost of maintaining coherence and quantum correlations established with the bath. It is good to
acknowledge that the robustness of the first law is due to the phenomenological nature
of equilibrium thermodynamics and so it stands to reason that the first law should hold
under minor alterations.
With these definitions in hand we can know present the result of Gardas and Deffner
[44] which shows that the efficiency of the Carnot engine rings through also for equilibrium thermodynamics in a quantum context.
11 This

is a non-equilibrium state function [66]
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1.3.2.3 | Quantum Carnot Cycles & the 2nd Law
Let’s think of a quantum system that is weakly coupled to two equilibrium heat baths
such that one bath is hotter than the other, say T1 > T2 . Correlations may be established
between the baths and the system and as such for generality we use the structure of
non-Gibbsian equilibrium states established above, to describe the thermodynamics of
the quantum system. Given the setup we can anticipate a Carnot cycle taking place with
four strokes, alternating between isothermal and isentropic/adiabatic processes during
which and extensive control parameter ω is varied.
1 → 2 1st Isothermal stroke - Heat Qex,1 is absorbed from the T1 reservoir by the system
allowing it to carry out work Wex,1 on the environment at constant temperature.
Wex,1 = F (w2 , T1 ) − F (w1 , T1 )

Qex,1 = T1 (S(ω2 , T1 ) − S(ω1 , T1 ))

(1.129)

Notice that the work carried out is denoted by the variation of the work parameter and
is expressed in terms of the change in free energy. On the other hand, the change in heat
is expressed in terms of change in entropy.
2 → 3 1st Isentropic stroke - The temperature gradient has been equalised but the system continues to do work, cooling it to T2 . Since there is no exchange, there is no
entropic cost, ∆S = 0. As such, the work is equal to the change in energy
Wex,2 = ∆E = E (ω3 , T2 ) − E (ω2 , T1 ) = ∆F − ( T1 − T2 )S(ω3 , T2 )

(1.130)

which we’ve expressed in terms of the free energy.
3 → 4 2nd Isothermal stroke - The work Wex,3 is performed on the system such that the
system exchanges heat Qex,3 with the reservoir at T2 to remain at equilibrium with
T2 .
Wex,e = ∆ = ∆F (ω4 , T2 ) − ∆F (ω3 , T2 )

Qex,4 = T2 (S(ω4 , T2 ) − S(ω3 , T2 )).
(1.131)

4 → 1 2nd Isentropic stroke - Further work is carried out on the system but it is not
allowed to exchange heat with the bath at T2 , as such it again reaches the temperature T1 , completing the cycle
Wex,4 = ∆E = ∆F − ( T1 − T2 )S(ω1 , T1 )
reflecting the isentropic condition S(ω1 , T1 ) = S(ω4 , T2 ) as in 2 → 3.
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From the above we find that the efficiency of this cycle is given by
η=

T2
∑i Wex,i
= 1−
Qex,1
T1

(1.133)

which is in agreement with the classical Carnot efficiency. Note that in the output portion
of the efficiency ratio we are including the thermodynamic cost to maintain the nonGibbsian correlations. As a result, we have that the Carnot statement of the 2nd Law
of thermodynamics is observed even in a quantum context. That is no engine operating
between two heat reservoirs can be more efficient than a Carnot engine operating between those
same reservoirs.

1.3.2.4 | The Thermodynamic Cost of Creating Corellations
Whilst it would be difficult to describe the thermodynamics of quantum correlations
in a general context, we are able to in brief show that entanglement bears a thermodynamic cost. In [67], a fundamental connection was established between entanglement
generation and work, explicitly for two qubit pure state entanglement by considering
concurrence [68] a measure of the entanglement of formation.
Labeling the Hilbert space given by the degrees of freedom of the first qubit A1 and of
the second qubit A2 , consider the subspace of these two qubit pure states with basis

|00⟩ , |11⟩ which encodes a non-local effective single qubit subspace. Any operation on
this subspace can expressend in the general form
!
cos 2θ
−e−iλ sin 2θ
U=
.
(1.134)
eiϕ sin 2θ ei(λ+ϕ) cos 2θ
For a minimal energy requirement we consider unitaries U ⋆ of this form that respect the
property




†
†
Tr A1 U ⋆ ρi U ⋆ = Tr A2 U ⋆ ρi U ⋆ = τβ′

(1.135)

so that it heats the system locally but preserves entropy globally by giving the same reduced thermal states for either qubit. Let the system be at T = 0 giving ρ0 = |00⟩⟨00|, τβ =

|0⟩⟨0| and enact this general rotation on this system under the constraints given above
!
cos2 2θ
e−iϕ sin 2θ cos 2θ
′
⋆
⋆†
ρ = U ρ0 U =
.
(1.136)
eiϕ sin 2θ cos 2θ
sin2 2θ
r 
 
Examining the concurrence in this state using C (ψ) = 2 1 − tr ρ′ 2A
for two qubit
pure states we have
s 

2 θ
4 θ
C = 2 2 sin
− 2 sin
.
2
2
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The change in energy between two thermal states can be given as a function of the total


Hamiltonian, ∆E = tr Htot (τβ′ − τβ ) and investigating the change in energy before
and after applying this general unitary we have
∆E = 2E sin2
so comparing with C it is evident that
s
C=

∆E
E



θ
2

∆E
2−
E

(1.138)


(1.139)

achieving a relationship between entanglement and the thermodynamics needed to establish it.
This is a very special case where entanglement is induced in a subspace which gives
thermal states in the partitions. A more general theory of quantum thermodynamics
describing the generation and destruction of quantum correlations is an open problem
as discussed before.

1.4 | Information & Thermodynamics
In his seminal work [69], Claude Shannon wanted to come up with a quantity to articulate the amount of information carried by a string or message. Particularly, in the
context of encoding and communication where information may be lost on the way or
in compression. To do so, Shannon though it would be insightful to quantify how surprising some outcome would be i.e. unlikely. We have some quantity

H( xi ) ∝

1
P ( xi )

(1.140)

when the event is going to occur with certainty this would give a surprise of 1 also
which is not behaviour we desire. to deal with this is we use a logarithmic function

H( xi ) = ln

1
P ( xi )

(1.141)

so for a whole probability distribution we have

H( xi ) = ∑ P ( xi ) ln
i

1
= − ∑ P ( xi ) ln P ( xi ).
P ( xi )
i

(1.142)

Evidently, this is nothing more than the von Neumann entropy for classical probability distributions or generalised Boltzmann entropy (1.56). Indeed, when Shannon discovered this formula von Neumann famously advised him to call it entropy12 , firstly
12 This

is this chapter’s epigraph.
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because he noticed the equality of these two quantities and secondly "since no one understands it you’ll always have the upper hand in an argument". It is curious that a quantifier of
how unpredictable information is, is the same quantifier of how irreversible some thermodynamic process is. When one considers that the objects one is dealing with in both
cases are probability distributions this equality becomes less mysterious. But beyond
this perhaps naïve relationship, thermodynamics and information processing are also
operationally related.

1.4.0.1 | Landauer’s Erasure Principle, Szilard’s Engine & Maxwell’s Demon
In the late 19th century, Maxwell [1] came up with a thought experiment that seemingly
violated the 2nd law of thermodynamics. He envisaged a gas in a box with a trap door
that may be opened and closed in the middle to create a partition, and a demon in
control of this trap door. With perfect knowledge of the velocities and random motions
of the constituents of this gas, the demon can open and close the trap door systematically
separating faster particles to one side and slower ones to the other. Decreasing the
entropy of the system and violating the 2nd law of thermodynamics. Half a century
later, Szílard [3] refined this thought experiment making it more tractable by imagining
a single particle gas in a container. This container may be split into two partitions, put
into contact with a bath and a piston added to it. If the demon is aware of the position of
the particle then it may constrain the particle to half the vessel such that when a piston
is connected to it isothermal expansion occurs resulting in work. This results in [70]

Figure 1.6: Maxwell’s demon and Szílard’s engine illustrated.
Wextracted = ∆Q = t∆S = k B t ln 2

(1.143)

where the 2 appears as a result of the two microstates related to the two partitions of the
vessel and we have a full conversion of heat into work, a process which violates the 2nd
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law of thermodynamics. Landauer’s erasure principle is what rectifies this violation. A
simple argument would be that for the demon to acquire knowledge of the particle he
is affecting the entropy of the system in such a way as to balance this work being done,
but classical measurement entails no work. The most complete argument was given by
Bennett [5] and involves the notion of memory. Here, the argument is made that for
work extraction to occur cyclically the demon must erase his memory of the position of
the particle at each new cycle. Giving
Werasure = tH = −k B t ln 2

(1.144)

where H is the information content or Shannon entropy of the erased information. This
is Landauer’s erasure principle in action, where a bit of information being deleted results in heat dissipation. Clearly, the sum of the work contributions is 0, reconciling our
paradox and violation of the 2nd law.
In this spirit, the heat exchanged in thermodynamic process involving information
processing must at least be equal to the change in entropy due to information changes
in memory
β∆Q ≥ ∆S

(1.145)

this is known as Landauer’s bound or principle.

1.4.0.2 | A Quantum Landauer Equality
The dynamics of open quantum systems leads to nonequilibrium thermodynamics and
as briefly discussed some aspects of irreversible work may be associated to correlations
formed between a quantum system and its associated thermal bath. This idea pushes us
to wish to understand if we may obtain generalisations of Landauer bounds for quantum scenarios where we would like to obtain relationships between entropy changes of
the system, heat exchanges and correlations formed between the system and the bath.
Work in this vein was originally carried out by Esposito, Lindenberg and Van den
Broeck [45] where they wished to delineate between thermodynamically irreversible
and reversible contributions to entropy production – ultimately exposing relationships
between heat exchange and correlations established. This work was then built upon by
Reeb and Wolf who thoroughly established a connection between the ideas of Landauer
bounds and entropy production in open quantum systems by obtaining a Quantum
Landauer Equality [46].
The equation

⟨Σ⟩ = β⟨ Q⟩ + ∆S = I(S′ : R′ ) + D (ρ′R ||ρ R )
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expresses the average entropy production in terms of the correlations formed across a
system and a reservoir, quantified by the mutual information, and relative entropy of the
states of the reservoir at the start and end of a nonequilibrium process where initially,
the reservoir is in a thermal state and the system and reservoir are separable.
Recovering the Landauer Bound

Before we derive (1.146) by presenting the argument

from [46], let’s consider a simpler argument from [47] that shows that the known Landauer bound holds in a quantum context for an initial state weakly coupled to a bath at
equilibrium with inverse temperature β. We can describe the initial state as
ρSB (0) = ρS (0) ⊗ ρ B (0) : ρ B (0) =

e− βHB (0)
Z

(1.147)

which evolves according to dynamics governed by
Htot (t) = HS (t) + HB (t) + HSB (t)

(1.148)

where the system will be driven out of equilibrium. The final state is by the unitary
time-evolution operator



Z
i τ
†
USB = T exp −
dtHtot (t)
=⇒ ρSB (τ ) = USB ρSB USB
h̄ 0

(1.149)

where T [·] is the time ordering operator. Consider the definition for the entropy production [47]
Σ = ∆S + β∆Q

(1.150)

where ∆S is the change in von Neumann entropy between the initial and final state and
∆Q is the heat exchanged.
∆S = S(ρS (τ )) − S(ρS (0))

∆Q = tr { HB (ρ B (τ ) − ρ B (0))} .

(1.151)

With these definitions the entropy production is expressed
Σ = −tr {ρS (τ ) ln ρS (τ )} + tr {ρS (0) ln ρS (0)} + βtr { HB (ρ B (τ ) − ρ B (0))}

(1.152)

= −tr {ρS (τ ) ln ρS (τ )} + βtr { HB ρ B (τ )} + tr {ρS (0) ln ρS (0)} − βtr { HB ρ B (0)} (1.153)




= tr ρ̂SB (τ ) − ln ρ̂S (τ ) + β ĤB + tr ρ̂SB (0) − ln ρ̂S (0) + β ĤB
(1.154)
which is a difference in Free energy terms

= F (ρSB (τ )) − F (ρSB (0))
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but a difference in free energy is equal to a relative entropy as discussed in Section 1.1.2.3

= β−1 [ D (ρSB (τ )||ρSB (0))]

(1.156)

and the relative entropy is known to be non-negative giving
Σ = ∆S + β∆Q ≥ 0

(1.157)

∴ β∆Q ≥ −∆S,

(1.158)

where −∆S is the entropy decrease of the system showing that the known Landauer
bound holds for quantum systems. We will now review the main results of [46] deriving
the generalised Quantum Landauer equality 1.146. Before this we restate the notation
of [46], in particular ∆ is the entropy change in the reservoir
∆ = S(ρ′R ) − S(ρ R ),

(1.159)

and S( A| B) is the conditional entropy of a bipartite state where A is conditioned on B
S( A| B) = S(ρ AB ) − S(ρ B ).

(1.160)

The 2nd Law Lemma
Let ρSR = ρS ⊗ ρ R be the initial state of a system where a finite reservoir is in a Gibbs
state ρ R =

e− βH
Z

with final state ρ′SR = U (ρS ⊗ ρ R ) U † . Then
∆ = −∆S + I (S′ : R′ ) ≥ −∆S,

(1.161)

the reservoir’s entropy increase ∆ is larger than the system’s entropy decrease −∆S.
Consider ∆ + ∆S we have
∆ + ∆S = S(ρ′R ) − S(ρ R ) + S(ρ′S ) − S(ρS )

(1.162)

so by additivity of the von Neumann entropy we have

= S(ρ′R ) + S(ρ′S ) − S(ρSB ) = S(ρ′R ) + S(ρ′S ) − S(ρ′SB )

(1.163)

by the invariance of global entropy under unitary evolution. But the equation on the
right is nothing more than the mutual information across the system and the bath after
evolution

= I(S′ : R′ )ρ′SR ≥ 0
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since the mutual information is non-negative by Jensen’s inequality. Finally giving,
∆ = −∆S + I(S′ : R′ ) ≥ −∆S.

(1.165)

Notably, the change of entropy in the bath is equal to the change of entropy in the system
when the mutual information is 0. This shows that ∆ = −∆S occurs if no correlations are
formed between the bath and the system. One can also interpret this as a generalisation
of Landauer’s principle showing that the change in entropy of the bath, and so heat
exchanged with the bath by the first law, is greater than the change in entropy of the
system.
Before moving on, note that the relative entropy has the property
D (σ||ρ) = ∞ ⇐⇒ supp[σ] ̸⊆ supp[ρ]

(1.166)

where supp[ρ] is x ∈ C : ρ( x ) ̸= 0.
Equality form of Landauer’s Principle
Let ρSR = ρ̂S ⊗ ρ̂ R be the initial state of a system where a finite reservoir is in a Gibbs
state ρ̂ R =

ˆ

e − β HB
Z

: β ∈ [−∞, +∞] with final state ρ̂′SR = Û (ρ̂S ⊗ ρ̂ R ) Û † . Then
β∆Q = −∆S + I(S : R) + D (ρ̂′R ||ρ̂ R ).

(1.167)

To begin with consider β ∈ (−∞, ∞) by the 2nd Law Lemma we have

−∆S + I(S′ : R′ ) = ∆ = S(ρ′R ) − S(ρ R )



e− βHB
= −tr ρ′R ln ρ′R + tr ρ R ln
Z
 ′
= −tr ρ R ln ρ′R + tr {ρ R (− βHB − I ln Z )}

(1.168)
(1.169)
(1.170)

now adding and subtracting a term for pliability and making use of the linearity of trace
gives



= −tr ρ′R ln ρ′R − βtr {ρ R HB } − ln Z tr {ρ R } + βtr ρ′R HB − βtr ρ′R HB




= −tr ρ′R ln ρ′R + βtr HB ρ′R − ρ R − ln Z − βtr ρ′R HB
n
o

= −tr ρ′R ln ρ′R + β∆Q − ln Z tr{ρ′R } + tr ρ′R ln e− βHB
n 
o

= −tr ρ′R ln ρ′R + β∆Q + tr ρ′R ln e− βHB − ln Z


= β∆Q − tr ρ′R ln ρ′R + tr ρ′R ln ρ R

= β∆Q −

D (ρ′R ||ρ R )
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and finally
β∆Q = −∆S + I(S : R) + D (ρ̂′R ||ρ̂ R ).
For the cases that β = ±∞ consider that ρ R =
If ∆Q = 0, then

the normalised projection operator

≥ tr{ HB ρ R } =⇒ ∆Q ≥ 0.
is supported in the ground state so (1.146) gives the following in this

onto the ground state of HB . Meaning
ρ′R

Pg
dim Pg ,

(1.177)

tr{ HB ρ′R }

case
S(ρ′R ) − S(ρ R ) = −tr{ρ′R ln ρ′R } − ln dim Pg = − D (ρ′R ||ρ R )

(1.178)

so both sides of this equation are equal to 0.
In the case that β = ±∞ and ∆Q > 0, then D (ρ′R ||ρ R ) = ∞ since ρ′R has support outside
the ground state and so is outside the support of ρ R , giving both sides equal to ±∞, thus
showing that the generalised equality form of Landauer’s principle for nonequilibrium
quantum systems 1.146 holds.
This is a deeply insightful equation. In the form
β∆Q = −∆S + I(S : R) + D (ρ̂′R ||ρ̂ R ).

(1.179)

it is a refined restatement of Landauer’s principle for quantum systems, relating a decrease in system entropy to a heat exchange, correlation formation and thermodynamic
work through relative entropy. In the form

⟨Σ⟩ = ∆S + β⟨ Q⟩ = I(S : R) + D (ρ̂′R ||ρ̂ R )

(1.180)

it shows how the average entropy production in nonequilibrium quantum thermodynamics has contributions which are both thermodynamic in nature and information related in origin due to correlations formed. It is a powerful equation that we leverage
in Chapter 3 to investigate and derive thermodynamic first laws for the DQC1 [6] complexity class.

44

2
Quantum Information Processing
One shouldn’t work on semiconductors, that is a filthy mess;
who knows whether any semiconductors exist.
W OLFGANG PAULI IN A LETTER TO P EIERLS

In the last chapter, we became thermodynamic thinkers and thinkers always need
a problem to preoccupy them. In this chapter, I briefly present the problem we wish
to think about, the processing of quantum information, before we consider it in a thermodynamic context in Chapter 3. We begin by introducing the paradigm of quantum
computation and specifically introduce the DQC1 complexity class which will be the
model of quantum computation considered in this research. Finally, we then move on
to introduce the operational approach to modelling the evolution of a quantum system
which will serve as a key tool for understanding a quantum algorithm as a thermodynamic process later on.
Before describing quantum computation, it is good to meditate on what computation itself is. Computation is a logical process where an autonomous device is able to
consistently carry out a set of instructions which lead to an output for a given input.
Logic and consistency are words with mathematical meaning where a statement can be
said to be true or false, 1 or 0. Such logical systems can be encoded by a function of the
form
f : {0, 1}n → {0, 1}m

(2.1)

known as a Boolean function where each {0, 1} corresponds to a bit of information, a
true or false value. It is the job of the algorithm to change true or false values in a
register of bits using so-called logic gates, a physical implementation of these Boolean
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functions, towards the solution of a problem which it encodes. It is remarkable, that
from something as fundamental as truth value, mathematical operations such as addition can arise and onwards and upwards to natural languages and the ability to watch
Youtube videos on your phone.
The idea of an algorithm was mathematically formalised in the early 20th century
as a series of operations that can be simulated by a Turing-Complete Machine [71, 72].
Different algorithms make use of different resources, spatial complexity for memory
and temporal complexity for running time. Different algorithms fall into different complexity classes the most famous two being P, the class of problems that are tractable in
polynomial time and, NP those that are not. The size of these sets and their relation
to one another is unknown1 because one cannot say whether a problem is NP because
humans have not as of yet come up with an efficient enough encoding for this problem
that lives in P or if some problems are fundamentally NP in nature. That is whether
there are problems that are fundamentally unsolvable and truths unknowable.

2.1 | Quantum Computing
Quantum computing is in many ways a step towards exploring what we can know
through computation by trying a different mathematical space that does not arise from
Boolean algebra. It is a type of probabilistic computation which leverages the physics
of quantum reality to encode problems into large Hilbert spaces such that after running a quantum algorithm sufficiently many times, you should get the desired output.
This complexity class is known as BQP, bounded-error quantum polynomial time. It is
not the only probabilistic complexity class, with classical algorithms such as the Monte
Carlo algorithm also working probabilistically, found in the BPP complexity class. But,
it is the most efficient of such classes in terms of error as it leverages the mathematics of
quantum physics.
The problem of finding the prime numbers that make up an integer, integer factorisation, is NP for algorithms that run on classical2 computers, a fact which lies at the heart
of the widely used RSA encryption [73] scheme. In the late 90s Peter Shor showed that
a quantum computer could solve integer factorisation efficiently, that integer factorisation is BQP-complete [74]. This not only showed that RSA could be broken and starting
the modern field of post-quantum cryptography [75] but also allowed humanity to gain
a new mathematical insight. This is just one example of why quantum computation can
1 Indeed,

?

P = NP is one of the Clay Mathematics Institute’s Millenium Prize problems.
is how we refer to computers that make use of bits as opposed to qubits. An allusion to the
distinction between classical and quantum mechanics.
2 This
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be so impactful. It is a tool which unlocks a different and new computational landscape,
in turn revealing new truths about the physical universe and mathematics itself.
Quantum computation has become a rich field both technologically and in terms
of theoretical techniques developed. Many different hardware architectures have been
proposed and attempted for the implementation of quantum computation such as trapped
ions [76], neutral atoms [77], photons [78, 79], superconducting chips [80], silicon chips [81],
diamond nitrogen vacancy centres [82], nuclear spin (NMR) [83] and others, with no
community consensus on which architecture will scale best or be most robust against
errors as of yet. On the other hand, quantum computing algorithms have been developed to solve problems in various areas such as finance [84], drug discovery [85], logistics [86] and machine learning [87] to name a few. More technical information on the
different areas of quantum algorithms may be found in the review by Montanaro [88].
Whilst I’ve tried to motivate quantum computation in this introduction and provide
a brief summary of its different aspects this section is far from a review of quantum
computation. For more on complexity and quantum computation refer to the book by
Aaronson [89] and the book by Nielsen and Chuang [90] for general reviews of the
aforementioned.
What this section will do is provide the working knowledge one needs to understand
quantum computation from a mathematical and physical perspective. This should suffice for us, as we are mere thermodynamic explorers of quantum information processing
and not computer scientists.

2.1.1 | An Information Process
A bit of information can occupy one of two values, a 0 or a 1. A qubit is a bit that has
been empowered with a quantum state space. Take a spin- 12 system as described by
the Hamiltonian H = −ωσz . Its energy eigenbasis are the states that point up |↑z ⟩ and
down |↓z ⟩ in the z direction. We can associate these states to the 0 and 1 values of the
bit respectively denoted |0⟩ and |1⟩ which are known as the computational basis. This
basis gives a projective Hilbert space with pure states of form

|ψ⟩ = α |0⟩ + β |1⟩ : α2 + β2 = 1.

(2.2)

which give all the possible states the qubit can occupy during the computation if the
input is a pure state i.e. the points on the surface of the Bloch Sphere. An algorithm is
now a function on this quantum state space given by these linear combinations.
f : H ⊗n → H ⊗n
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Figure 2.1: An illustration of a visualisation of the structural differences between classical and quantum computation. Top : a classical computation, implemented using logic
gates, is a Boolean function on direct products of sets {0, 1}, bits. Bottom : a quantum
computation, implemented using quantum gates, is a unitary operation on the tensor
product of projective Hilbert space spanned by the eigenvectors of the σz operator labelled {|0⟩ , |1⟩}, qubits. A measurement (red) then reduces quantum information to
classical information, once again recovering the realm of bits.
which we can call a quantum algorithm. For a single qubit, this represents a rotation on
the Bloch Sphere which mathematically speaking is a surjective isometry3 or as we like
to call them Unitary operators in SU (2). For n qubits an algorithm with all single or
multiple gates accounted for will correspond to a single unitary in SU (n).
In measurement-based quantum computation, at the end of a quantum algorithm a
qubit is measured. Upon measurement in the σz basis we observe the eigenvalues corresponding to |0⟩ and |1⟩ which can be mapped back to probabilities of observing 0 and 1
from our classical bit. Thus, the qubit empowers us with the ability to carry out computations as we did on classical machines but with all the phenomena quantum mechanics
has to offer before measurement is carried out on the qubit register. Because of this, our
computational state space is much richer, allowing us access to quantum correlations
3 An

operator that preserves the inner product.

48

Chapter 2. Quantum Information Processing

2.1. Quantum Computing

like entanglement or generate coherences across our register which, for specific classes
of problems lead to a computational advantage over their classical counterpart.
As we described, quantum gates must be unitary operators. As such, quantum gates
must be reversible and so have the same number of input and output variables. This
is markedly different from most classical gates like AND or OR that have two input
variables but output one. Let’s describe and introduce some basic quantum gates [90].
Some Single Qubit Gates
H

X

Quantum Gates

Rθ,ϕ

Z

Y

The Hadamard gate acts on a single qubit creating superpositions

using the basis computation states such that

|0⟩ → |0⟩+|
√ 1⟩
2
H (|ψ⟩) :
|1⟩ → |0⟩−|
√ 1⟩
2

1
H= √
2

1

1

!
.

1 −1

(2.4)

The X gate is considered to be a quantum bit-flip or quantum NOT gate as it swaps the
coefficients of the computational basis, meaning it flips the likelihood of seeing a true or
false value in a computation.
X : α |0⟩ + β |1⟩ → β |0⟩ + α |1⟩

0 1

X=

!
(2.5)

1 0

The Z gate is often referred to as the phase-flip gate since it flips the relative phase in the
superposition of the input state.
Z : α |0⟩ ± β |1⟩ → α |0⟩ ∓ β |1⟩

Z=

1

0

0 −1

!
(2.6)

The Y gate can be thought of as a concatenation of the X and Z gates up to a phase.
!
0 −i
Y : α |0⟩ ± iβ |1⟩ → α |0⟩ ∓ iβ |1⟩
Y=
(2.7)
i 0
Any single qubit quantum gate can be thought of as a rotation so we can represent a
generalised gate
Rθ,ϕ =

cos θ

sin θe−iϕ

sin θeiϕ

− cos θ
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given by the parameter θ and ϕ. Measurement is represented by the meter symbol in
quantum gates and respects the Born rule.
Multiple Qubit and Controlled Gates
=
U

X

We can also have gates that act on multiple qubits in our register at the same time.
The most important of these gates are controlled gates, featuring a control qubit and a
target qubit. A controlled gate allows us to implement conditional statements of the
type
“If the control qubit is in the |1⟩ state then enact gate U on the target qubit.” which are an
essential part of quantum algorithms. The control qubit, is represented by a black dot
and is conjoined to the gate acting on the target qubit by a line. The most common
controlled operation is the controlled not or CNOT gate which is in truth a controlled X
gate.


1 0 0 0





0 1 0 0

CNOT = 
0 0 0 1


0 0 1 0

CNOT : |c⟩ |t⟩ → |c⟩ |t ⊕ c⟩

(2.9)

In this notation ⊕ is addition modulo 2, |c⟩ refers to the control qubit and |t⟩ refers to
the target qubit.

| a, b⟩ → | a, a ⊕ b⟩

(2.10)

→ | a ⊕ ( a ⊕ b) , a ⊕ b⟩ = |b, a ⊕ b⟩

(2.11)

→ |b, ( a ⊕ b) ⊕ b⟩ = |b, a⟩ .

(2.12)

In general, any arbitrary single qubit unitary U can be upgraded to a two qubit controlled unitary as
controlled-U : |c⟩ |t⟩ → |c⟩ U c |t⟩

|0⟩⟨0| ⊗ I + |1⟩⟨1| ⊗ U

(2.13)
(2.14)

With all this taken into account a quantum computation is thus nothing more than a set
of matrix products from a mathematical point of view.
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In classical computation, the NAND and NOR

gates are universal. That is any Boolean function can be expressed in terms of a concatenation of either of these gates respectively. In fact, the computer that took man to
the moon made use of 4100 NOR gates4 . Such universality is desirable from a design
perspective as the same hardware can be used to perform different computations. In
Quantum computation, the need for universality is even greater due to error correction.
Quantum systems are very sensitive and susceptible to decoherence as a result of this,
quantum computation are susceptible to a whole host of different errors which can be
mitigated through the implementation of error correcting codes [90]. To efficiently correct for error we restrict ourselves to a finite gate set which to be able to implement
any quantum algorithm must be universal. Lloyd showed that almost any quantum
gate is universal [91] after which Aharonov [92] conclusively showed that Toffoli and
Hadamard form a minimal quantum universal gate set. The most commonly discussed
universal gate set due to its mathematical relevance is the Clifford + T gate set [93]

{ H, S, T, CNOT}.

2.1.2 | An Information Process encoded in Physics
Within quantum computation, a unitary is simply mathematical operation on Hilbert
space, a rotation. But, it is also a physical process. Indeed, every unitary in SU (n) may
be associated to time-independent evolution under a Hamiltonian by
U = e−iHt

(2.15)

where H generates a one-parameter family of unitaries of SU (n) by the Stone-von Neumann theorem. Whilst we have seen that a lone qubit can be described by a local σz
Hamiltonian, what would our Hamiltonian look like when we’re implementing an arbitrary unitary? What physical process on two level system can we associate it to? Well...
this is often not a straight forward question to answer and it is mostly an architecture
dependent question – but in general the implementation of a unitary is related to the
physical process of Rabi flopping or Rabi oscillation in two level systems [94].
In particular, we can make this more tangible by considering the Rabi oscillation
Hamiltonian under the rotating-wave approximation [94]

−h̄∆
h̄Ω
σz +
σx cos ϕ + σy sin ϕ .
(2.16)
2
2
where taking the example of a trapped ion setup Figure 2.2, our qubit is an ion that is
spatially localised through the implementation of a quadrupole trap. A laser, resonant
HRWA =

4 https://en.wikipedia.org/wiki/Apollo_Guidance_Computer
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Figure 2.2: A a visualisation of a toy model of trapped ion quantum computation. Here
an ion is trapped by a quadrupole or Paul trap and the energy level splitting of a transition in its electronic structure is impacted by a laser pulse which can be modelled as
Rabi Oscillation. The excited and ground state probabilities of this trapped ion represent the probabilities of reading a 1 or 0 at the end of a computation.

with a fine or hyperfine splitting within the electronic structure of this ion can then be
used to perturb this transition. Causing the population probabilities and their coherences to change and thereby changing the state of the qubit encoded by this two-level
system. In this Hamiltonian Ω is the Rabi frequency, ϕ is the phase of the control laser
and ∆ is the difference between the Larmor precession frequency of the qubit and the
frequency of the laser (detuning). This allows us to directly relate the evolution of a
physical system to the implementation of a unitary operation on a qubit, giving the
most general unitary
 √
 i∆ sin 1 t√∆2 +Ω2
(2
)
1
2
2
Ω
 cos 2 t ∆ + Ω −√
U=
iΩe−iϕ sin( 12 t ∆2 +Ω2 )
√
−
2
2


∆ +Ω

√
iΩeiϕ sin( 21 t ∆2 +Ω2 )
√
−
∆2 + Ω2
 √
 i∆ sin 1 t√∆2 +Ω2
(2
)
1
cos 2 t ∆2 + Ω2 +
Ω





(2.17)
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To see this concretely, we may obtain the standard rotation gates as follows

 !
cos Ωt
−i sin Ωt
−iHRWA t
−iσx Ωt
2
2
2 =


: ∆ = 0, ϕ = 0
Rx = e
=e
−i sin Ωt
cos Ωt 2
2

 !
cos Ωt
− sin Ωt
π
−iHRWA t
−iσy Ωt
2
2
2 =


: ∆ = 0, ϕ =
Ry = e
=e
Ωt
Ωt
2
cos 2
sin 2
!
−iΩt
hπi
h πi
e 2
0
−iσz Ωt
2
=
Rz = Ry −
R x [Ωt] Ry
=e
iΩt
2
2
0
e 2

(2.18)
(2.19)
(2.20)

and from these gates the single qubit Clifford Gates.
√1
2
√1
2

h πi
H = iRy −
R x [π ] =
2
i π4

S = e Rz
i π8

T = e Rz

hπi
2

hπi
4

=

=

√1
2
− √12

1 0
0
1

!
(2.21)

!
(2.22)

i
0

!
(2.23)

iπ

0 e4

A two qubit gate can be implemented in various ways, for the sake of introduction we
introduce the Mølmer-Sørensen [95] implementation of two qubit entangling gates. In
[96, 97] this parameterised two qubit gate is given by an XX interaction Hamiltonian
involving two two-level systems such that

cos(χt)
0
0
−i sin(χt)


0
cos(χt)
−i sin(χt)
0
XX (χ) = eiσx ⊗σx χt = 

0
−i sin(χt) cos(χt)
0

−i sin(χt)
0
0
cos(χt)








(2.24)

where χ is an interaction parameter. A CNOT may be implemented in this scheme
through the following gate decomposition [97]. { H, S, T, CNOT} is universal gate for
R x ( −2π )

Ry ( π2 )
=

Ry ( −2π )

XX ( π4 )
R x ( −2π )

quantum computation meaning we can express any quantum algorithm on n qubits in
terms of these gates. In this way, any algorithm may be thought of as a concatenation
of the physical processes discussed above where through the variation of physical parameters like χ, t, ∆ and Ω we implement different gates on our qubits and carry out
different computations as a result.
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2.2 | The DQC1 Complexity Class
This section is reproduced from [98].
The deterministic quantum computation with one-clean-qubit model (DQC1) is a restricted class of quantum algorithms satisfying the following properties:
1. the initial state is ρ = |0⟩⟨0| ⊗ In /2n , that is a clean qubit in a pure state and an
n-qubit ancillary register in the maximally mixed state;
2. a poly(n)-size gate can be enacted across the n + 1 qubits;
3. the clean qubit is measured giving the output bit a ∈ {0, 1}.
Introduced by Knill & Laflamme to investigate the power of one bit of quantum information [6], DQC1 is particularly suited to NMR architectures [6, 83], and has been studied
as a complexity class in its own right [99, 100, 101, 102]. It is capable of solving various problems, [103, 99, 104, 105] some of which are classically hard and has also been
studied as a potential quantum machine learning model [106]. In particular, the trace estimation of unitary matrices has been shown to be DQC1-complete [99]. All this despite
being incapable of universal quantum computation [107].
The initial state of DQC1 circuits may be expressed as
ρ = |0⟩⟨0| ⊗

In+1 + σ1z
In
I1 ⊗ In + σz ⊗ In
=
=
2n
2n +1
2n +1

(2.25)

where σz acts on the first qubit. This means that the state at the end is given by
ρ′ =

In+1 + Vσ1z V †
2n +1

(2.26)

where V is the product of unitaries implemented across the DQC1 register during the
computation. If one then defines [99]
µ=

tr{Vσ1z V † σ1z }
2n +1

R=

Vσ1z V † − µσ1z
p
1 − µ2

the final state before measurement can be expressed as
p
In+1 + µσ1z + 1 − µ2 R
′
ρ =
2n +1

(2.27)

where R and σ1z are traceless and µ is real. The probability of measuring 0 on the first
qubit is then


P [0] = tr ρ

′ I1

+ σ1z
2

54



=

1+µ
.
2

2.2. The DQC1 Complexity Class

Chapter 2. Quantum Information Processing

|0⟩⟨0|
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U

Figure 2.3: The DQC1 trace estimation circuit [108, 99].
Applying this structure more specifically to estimate the trace of some U using the circuit in Figure 2.3 we have
ρ′ =

In+1 + σ1z ⊗





y
U +U †
+ σ1
2
2n +1

⊗

and therefore measuring with respect to σ1z gives µ =



U −U †
2i


(2.28)

ℜ{trU }
2n .

The work of Linden & Jozsa [109] demonstrated that quantum computation involving pure states necessarily requires the establishment of multipartite entanglement.
However, the situation is less clear cut when dealing with mixed states as in DQC1, particularly when we allow for the logical qubit to also be in a mixed state. We can consider
a generalisation of the DQC1 trace estimation algorithm when the first qubit is not clean
but possesses some polarisation α
ρ(α) =
ρ′ (α) =

In
I1 + ασz
⊗ n
 2  2

In+1 + ασ1z ⊗

y
U +U †
+ ασ1
2
2n +1

⊗



U −U †
2i



as introduced in [110] as a prototypical circuit to study the resource giving advantage is
this setting. Here it has been shown that no distillible entanglement, quantified by negativity, is formed across the first qubit and the fully-mixed qubits but that non-negligible
amounts of negativity are found in bipartitions of the fully mixed qubits and the first
qubit. In later work [111], a measure of non-classical correlations called the quantum discord [112, 113] was shown to be non-zero between the first qubit and the mixed qubits
leading to the argument that the quantum discord is the resource behind the speed-up
in trace estimation offered by DQC1. This claim has been argued against in [114] by
counterexample and more recently in a very robust argument made by Cade and Yoganathan who showed that the DQC1 trace estimation circuit is classically simulable
for the class of unitaries that do not generate entanglement, that is DQC1sep ⊆ BPP
[105].
This generalisation is referred to as the one-non-clean-qubit model and was studied
in [115] as a computational model. It is more representative of what is physically achiev55
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able with NMR since the clean qubit will always have some degree of polarisation. As
such, knowing how this polarisation imparts error in the computation is relevant.

2.3 | Operational Quantum Dynamics

Figure 2.4: On the left is an illustration of the tomographic perspective of a quantum
channel whereas on the right is the system-environment interpretation.
Given a quantum state ρ, what is the most general evolution it can undergo? Phrased
differently, what states can we expect it is able to dynamically evolve to? Supposing
that this state ρ is in the set of bounded linear operators acting on a Hilbert Space H,
which we will denote B(H), where this Hilbert space is given by the eigenbasis of a
Hamiltonian H then one naïvely expects that the most general evolution this state can
undergo is governed by the Schrödinger equation5
i
ρ̇ = − [ H, ρ]
h̄

(2.29)

which generates unitary evolution. But, there are some issues here.
■

What if part of our state is inaccessible? The evolution of this state would be
globally reversible (unitary) but locally irreversible for some reduced state (nonunitary). Such a situation, which is commonplace in describing the thermodynamics of open systems that exchange energy freely with a reservoir, cannot be
described by this equation.

■

What if during the evolution of our state the number of degrees of freedom it
models changes? Some part of this system is measured for instance. Such a process
cannot be described solely by unitary dynamics.

5 In

this form often called the Heisenberg or von Neumann equation.
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These situations, and any process a quantum state can undergo can be modelled through
the operational dynamics formalism known as Quantum Channels [57, 90, 116, 117,
118] which we will introduce in this section and employ to study the themodynamics of
quantum algorithms in Chapter 3.

2.3.1 | Axioms & Perspectives
Before we understand the physical interpretation of quantum channels, we can acquaint
ourselves with them as mathematical objects.
Quantum Channel Axioms
A map E : B(H) → B(H′ ) is said to be a quantum channel if it satisfies
1. Linearity

E (λρ + σ) = λE (ρ) + E (σ), ∀ ρ, σ ∈ B(H), λ ∈ C

(2.30)

2. Trace Preservation
tr {E (ρ)} = tr{ρ}, ∀ ρ ∈ B(H)

(2.31)

Positive : E (ρ† ρ) ≥ 0, ∀ ρ ∈ B(H)

(2.32)

Completely-positive : E ⊗ In (ρ† ρ) ≥ 0, ∀ ρ ∈ B(H).

(2.33)

3. Complete-Positivity

The first axiom that quantum channels must satisfy, linearity, ensures that the quantum dynamics modelled by the map are local. The trace preservation axiom ensures that
all density matrices which result from evolution under such a map satisfy tr{ρ} = 1
and are valid probability distributions. Finally, the last axiom is split into two conditions. Positivity ensures that positive matrix elements are mapped to positive matrix
elements, physically ensuring that superposition and interference work accordingly under the evolution and that the output state correspond to a sensible probability distribution. Complete-positivity is a stronger condition which asserts that an external observer
which does not impact the map, say an ancillary register whose evolution is mapped by
the identity, also witnesses sensible probabilities as a result of evolution under this map.
Aside from being mathematically well-founded objects, channels also have physically well motivated interpretations visualised in Figure 2.4. In the input-output pic57
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ture a quantum channel is seen as a black box which generates a particular process
which maps some quantum states to others. In this sense, processes related to quantum
channels may be reconstructed through quantum process tomography [119, 120] wherein
knowing the effect some unknown process has on a known set of quantum states one
can piece back together the nature of the process. Thus, for a given set of input and output states, one can always tomographically relate a quantum channel. The other picture,
which we will use predominantly throughout this work, is that of system-bath interactions. Here, the inaccessible part of our state is modelled by a bath or environment
which can exchange energy with our system through weak coupling as in the context of
open quantum systems. In this perspective, whilst the global system-bath dynamics is
unitary, quantum channels allow us to model the impact of the bath interaction on the
system or vice-versa which can be irreversible.

E (ρ) = ρ′S = trB {Vρs ⊗ ρ B V † }

ρs
V
ρB

Figure 2.5: Circuit representing the system-bath perspective.

2.3.2 | Operator-Sum Formalism
As described in Figure 2.5, the evolved state of a system can be obtained by considering
the unitary evolution of the system and the bath together and tracing over the bath.
But, can we obtain a picture where the dynamics of the system are described solely by
its own Hilbert space? This is the goal of the operator-sum formalism.

2.3.2.1 | Kraus Representation
Consider
n

E (ρS ) = tr VρS ⊗ ρ B V

†

o

= ∑ ⟨i B | VρS ⊗ |ĩ B ⟩⟨ĩ B |V † |i B ⟩

(2.34)

i

where |i B ⟩ are the basis eigenkets for the bath’s Hilbert space and ρ B = ∑i |ĩ B ⟩⟨ĩ B | is the
bath’s initial state. The we may define the operators
p
Ki = ⟨i B | V |ĩ B ⟩ = bi ⟨i B | B |i B ⟩
(2.35)
√
where bi is an eigenvalue of the initial state of the bath such that

E (ρS ) = ∑ Ki ρS Ki†
i
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where the channel E (·) has been expressed in a Kraus representation and Ki are called
Kraus operators.
These operators satisfy a completeness relation ∑id=1 Ki† Ki = Id as a result of the trace
preservation axiom satisfied by quantum channels

(

= tr

tr{ρ} = tr{E (ρ)} = 1
)
(

∑ Ki ρKi†

(2.37)

∑ Ki† Ki ρ

= tr

i

)
(2.38)

i

by cyclicity of the trace operation which gives
d

∑ Ki† Ki = Id

(2.39)

i =1

where d is the dimension of the Hilbert space of ρS and Id is the identity operator on that
space. This relation allows us to directly make a connection with projection operators
and POVMs [90, 57, 118] and gives insight into how channels can model the measurement of different degrees of freedom of a quantum state. The Kraus representation of a
quantum Channel is not unique since
Ki = ⟨i B | V |ĩ B ⟩

(2.40)

shows that the form of the Kraus operator is dependent on the choice of basis which
diagonalises the initial state of the bath or environment.
Choi-Kraus Theorem
Any completely-positive, linear map E : B(H) → B(H′ ) can be associated to a
Kraus representation.
A proof of the above theorem is out of scope for this document but is given in [118]
where this is a part of Theorem 2.2.
The Master Equation The GKSL master equation mentioned in the previous chapter
can be derived from an extension of (2.29) using the channel formalism [57, 59]. Indeed,
the operators L a in the master equation
ρ̇(t) = L(ρ) = −i [ H, ρ] +

∑

a >0

Γa



L a ρL†a −

o
1n †
La La , ρ
2



known as Lindblad or jump operators are directly related to Kraus operators.
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Example - Phase Damping The phase damping or dephasing channel is useful as it
can model several scenarios of decoherence – a process where the coherence or offdiagonal terms of a quantum state decay. Under such a map, the entropy of a quantum
state increases, and so cannot this evolution cannot be given by a unitary operator under
which the von Neumann entropy of a quantum state is invariant.
Consider a qubit coupled to a qutrit environment where together they evolve under
a unitary process

 |0⟩ → p1 − p |0⟩ ⊗ |0⟩ + √ p |0⟩ ⊗ |1⟩
S
S
B
S
B
U:
p
√
 |1⟩ → 1 − p |1⟩ ⊗ |0⟩ + p |1⟩ ⊗ |2⟩
S
B
S
B
S

(2.42)

where the environment qutrit undergoes transitions conditioned on the system with
probability p. Tracing over the different degrees of freedom of the qutrit we have the
Kraus operators
K1 = ⟨ 0 B | U | 0 B ⟩ =

p

1 − pI

K2 = ⟨ 1 B | U | 1 B ⟩ =

K3 = ⟨ 2 B | U | 2 B ⟩ =

√

√

p|0⟩⟨0|

(2.43)

p|1⟩⟨1|

which clearly satisfy the completeness relation since (1 − p) + 1 = 1 for |0⟩⟨0| and |1⟩⟨1|.
Since Kraus representation are not unique, different operators (which we will derive
these in Section 1.3.3)

√

√

p
M1 =
( I + σz )
2

M2 =

p
( I − σz )
2

(2.44)

may be found to describe this channel as
p
p
E (ρ) = M1 ρM1† + M2 ρM2† = (1 − )ρ + σz ρσz
2
2

(2.45)

p

where σz is enacted with probability 2 impacting the coherences terms as expected
!
!
ρ11 ρ12
ρ11
(1 − p)ρ12
E
−
→
.
(2.46)
ρ21 ρ22
(1 − p)ρ21
ρ22

2.3.2.2 | Stinespring Dilation
At the start of this section, we discussed how some aspects of quantum reality cannot be
modelled by a unitary and how in some contexts looking at reduced states can lead to
non-unitary dynamics. In this portion, we see how this argument can be turned on its
head leading to a method which will empower us to associate any channel to a unitary
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which acts on a larger Hilbert space. This technique is known as an isometric extension
or Stinespring dilation and can also be seen as a way to view mixed states as pure states
in larger Hilbert spaces. This perspective and its application are affectionately known
as the Church of the larger Hilbert Space a term attributed to John Smolin.
Stinespring’s Dilation Theorem
Let E : B(H) → B(H′ ) be a quantum channel. Then for every d > rank(ΥE )a ,

∃ V : H → H′ ⊗ Hd such that
n
o
E (ρ) = trd Vρ ⊗ Id V † , ∀ ρ ∈ B(H).
a This is the rank of the Choi State which we will introduce shortly and provides the minimal
number of Kraus operators for a representation.

The existence of an operator V for a dilation is ensured by considering the ChoiKraus theorem as E (ρ) has a Kraus Representation

E (ρ) = ∑ Ki ρKi† :
i

∑ Ki† Ki = In ∈ B(H′ ),

(2.47)

i

then choose V = ∑i Ki ⊗ |i B ⟩ where |i B ⟩ is any orthonormal basis for Hd . Next, we wish
to show that this operator is an isometry6 so consider
V†V =

∑



Ki† ⊗ ⟨i B |




K j ⊗ | j⟩ B =

i,j

∑ Ki† K j ⟨iB ⟩ jB

(2.48)

i,j

= ∑ Ki† Ki = In

(2.49)

i

since Kraus operators satisfy a completeness relation. Finally, we show that isometry V
implements the evolution encoded by the quantum channel E .
V (ρ ⊗ Id )V † =



†
K
⊗
|
i
⟩)
ρ
⊗
I
K
⊗
⟨
j
|
B
d
∑( i B
j

(2.50)

i,j

= ∑ Ki ρK †j ⊗ Id ⟨ jB ⟩ i B

(2.51)

= ∑ Ki ρKi† ⊗ Id

(2.52)

i,j

i

6 If

an isometry is surjective then it is a unitary. Thus an isometry is a more general unitary for operations that change degrees of freedom.
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Now, tracing over the added ancillary degrees of freedom for this relationship we have

n

trd Vρ ⊗ Id V †

o

(

= trd

∑ Ki ρKi†

!

)

⊗ Id

(2.53)

i

= ∑ Ki ρKi† = E (ρ)

(2.54)

i

as required. Thus we have shown that a quantum channel can be associated to a unitary
operation carried out over a larger Hilbert space by constructing a unitary out of the
Kraus operators of a given representation. In this sense, we realise that the Stinespring
dilation is also non-unique and in fact these dilations are said to be equivalent up to an
isometry on the ancillary register.
Stinespring’s dilation theorem is at times a useful tool in the context of purification
but more than this it reflects the system bath picture in an information context. Here,
an information process that is non-unitary and described by a quantum operation and
is so locally irreversible, can be transformed into a globally reversible process by the
addition of a weakly coupled ancillary bath.

2.3.3 | Channel State Duality
Not only do quantum channels correspond to unitary transformations on larger Hilbert
spaces but they can also be shown to be isomorphic to quantum states on larger Hilbert
spaces. That is, a state encodes a process. This isomorphism is of form

E : B(H) → B(H′ ) ∼
= ΥE ∈ B(H) ⊗ B(H′ )

(2.55)

where ΥE is known as the Choi State or Choi matrix isomorphic the quantum channel

E (·). This offers a whole different perspective on quantum channels and more than
this means that any problem of optimising over quantum channels can be reformulated
as an optimisation over the convex set of density operators. It will also prove to be the
case that some properties of quantum channels are easier to prove using their associated
Choi state.
Whilst for the sake of this document this isomorphism is presented through a mathematical perspective, there is also physical impetus for this relationship through the idea
of gate teleportation [121]. For more on this refer to the discussion by Matt Liefer [122].
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Choi-Jamiołkowski Theorem
Let E : B(H) → B(H′ ) be a quantum channel, then

∀ E ∈ B(H, H′ ), ∃ ΥE ∈ B(H) ⊗ B(H′ )
such that ΥE = (E ⊗ Id ) (|Φ⟩⟨Φ|) where d is the size of H and |Φ⟩ = ∑id=1 |ii ⟩ is
the unnormalised Bell state on H.
For formal proofs of this theorem consider [117, 118], in particular these proofs will
include the fact that there is an equivalence between the complete-positivity of a quantum channel and the positivity of its associated Choi State. For us, it will suffice to show
that we can derive a Kraus representation for a map from its Choi state showing that
this association between maps and states is valid as done pedagogically by Landi [123]
and Vacchini [124]. Consider the Choi state for a channel E ,
ΥE = (E ⊗ Id ) (|Φ⟩⟨Φ|)
!
d

=

d

E ⊗ ∑ |i ⟩⟨i |

∑ | jj⟩⟨kk|

i =1

d

∑ | j⟩⟨k| ⊗ ∑ |i⟩⟨k|.

=E

(2.57)

j,k

!

d

(2.56)
!

j,k

(2.58)

i,k

Under the assumption of the positivity of the Choi state (which is guaranteed by the
complete-positivity of its associated map) we can diagonalise the Choi state
ΥE =

∑ |vl ⟩⟨vl |

(2.59)

l

where the eigenvalues have been absorbed into {vl }. This means that vl ∈ Cn ⊗ Cd
where n is the dimension of the space the quantum channel acts on and d is the dimension of ancillary register that the identity operator acts on. As such ∀ vl ∃ vi , e j : vl =
vi ⊗ e j allowing us to express the Choi state as
ΥE =

∑ |vi e j ⟩⟨vi el |

(2.60)

i,j,l

= ∑ Vi |e j ⟩⟨el |Vi† ⊗ |e j el ⟩⟨e j el |

(2.61)

i,j,l

where we have unvectorised the eigenvectors of length nd into operators of dimension
n × d. Comparing with (2.58) we have
!

d

E

∑

j,k =1

| j⟩⟨k|

= ∑ Vi |e j ⟩⟨el |Vi†
i,j,l
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where up to change of basis we recover

E (ρ) =

∑ Vi ρVi†

(2.63)

i =1

the Kraus representation we sought after. Therefore there is a one-to-one correspondence between Choi Matrices and quantum channels.
It is worth reflecting on this step of unvectorisation which we used in the above argument. Where we see that the nm unnormalised eigenvectors of the Choi state correspond
to the n × m Kraus operators corresponding the channel’s Kraus representation. Here is
an example for a channel that acts on a 2 × 2 state like a qubit.
 
a
!
 
 b  unvec a b

λi vi = 
 c  −−−→ c d = Ki
 

(2.64)

d
Choi matrices are uniquely associated to a quantum channel an as a result of this fact the
rank of the Choi matrix determines the minimum number of Kraus operators required
to describe a quantum channel.
Lastly we may express the output of a quantum channel in terms of a Choi state as
n
o
E (ρ) = trd ( Id ⊗ ρT ΥE )
(2.65)
where the ancillary component of the bipartite Choi state is traced out.
Continued Example - Phase Damping

Continuing from where we left off we had

found the Kraus operators
K1 =

p

1 − pI

K2 =

√

p|0⟩⟨0|

K3 =

√

p|1⟩⟨1|

(2.66)

giving the channel
3

E (ρ) =

∑ Ki† ρKi .

(2.67)

i =1

By the Choi-Jamiołkowski Theorem we find the Choi State


1
0 0 1− p


 0

0
0
0

ΥE = 
 0
0 0
0 


1− p 0 0
1
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which is rank-2 so from the state we obtain two unnormalised eigenvectors which through
unvectorisation give the minimal Kraus representation
 q 
q
− 2p
1−
 q




p
 0 


 unvec − 2 q0 
 0
v1 = 
= K1 , v 2 = 
 −−−→
p
 0 
 0
0
 q 
q
2
p
1−
2



p
2

p
2

q

 unvec  1 −
 −−−→

0


p
2



0
q

1−

p
2

 = K1

(2.69)
through the operators K1 , K2 which can be verified using (2.65).

2.3.3.1 | Summary
Choi - Kraus
Theorem

E (ρ)

Each Kraus Operator

Quantum Channel

E (ρ) = ∑i Ki† ρKi : ∑ Ki† Ki = Id

corresponds to the partial
trace of a different d.o.f

Vectorisation
|i ⟩⟨ j| ↔ |i ⟩ ⊗ | j⟩
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Add an ancillary bath

Generate a large unitary
from Kraus Operators


E (ρ) = trB VρV †
: VV † = V † V = Id×b ∈ B(H ⊗ H B )

Kraus Representation

ΥE = (E (ρ) ⊗ Id )|Φ⟩⟨Φ|
Choi Representation

Stinespring Dilated Representation

Figure 2.6: A Summary of how different channel representations are related to one another.
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3
Thermodynamics & Quantum
Computation

In this final chapter, I will present the main idea behind this dissertation and the
work done towards exploring this it. From a mechanical and engineering perspective, it
would seem reasonable to understand a process through the following pipeline. Given
a goal, what resource do I need to expend to carry out some process to achieve this goal
and how can this be done in the most efficient way possible. This type of question is
difficult to ask of a quantum computation. The resource is often difficult to identify;
it is not always clear what kind of correlation is leading to an advantage in quantum
computation and even more difficult is the association of a thermodynamic cost to that
correlation [65]. In realms which where thermodynamic work is done during a classical
process, such as using a ratchet or burning coal to drive a train, it is clear that doing
harder tasks such as making a train go faster or a ratchet crank quicker one carries out
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greater amounts of work than for easier tasks such as staying stationary. Is this also
true in the space of computation? Do harder computations require more thermodynamic
work to carry them out? And how could we classify one quantum computation as being
harder than another one?
The exploration of these questions is the goal of the research presented in this chapter. To carry this research out, a thermodynamic framework needed to be associated
to a quantum algorithm. To do this we make use of the quantum Landauer equality
[125, 46] presented in Chapter 1 and the fluctuation theorems formulated in the context
of quantum channels which we present in the first section of this chapter. Following
this the DQC1 complexity class or power of one qubit model presented in Chapter 2,
is examined as an open quantum system [98]. Using the equality form of Landauer’s
principle we achieve two energetic 1st Laws for this complexity class. Focusing on the
DQC1 trace estimation algorithm from this complexity class, we then endeavour to see
whether different thermodynamics arises from different information being processed.
Specifically, we demonstrate a relationship between the thermodynamics experienced
by the register of qubits carrying out this computation and the different traces being
estimated which lead to different heat exchanged. The counter claim is also examined
where we see that different register temperatures lead to different computations. This is
achieved by recasting the algorithm as a quantum operation which due to its unitality
is shown to satisfy thermodynamic fluctuation relations allowing us to understand the
nonequilibrium thermodynamics at play.

3.1 | Operational Thermodynamics
The formalism of quantum channels described in the previous chapter lends itself to describing the thermodynamics of open quantum system. This can be seen from its ability to extend the unitary quantum Liouville equation to the nonunitary GKSL master
equation which describes system-bath interactions. But more pertinent for us is the fact
that foundational idea behind the modern treatment of nonequilibrium thermodynamics such as Jarzynski’s equality and the Crooks Fluctuation thereom can be reformulated
in the language of Quantum channels [126, 127, 128, 129]. This will prove most useful
to us as if we can reformulate an algorithm in the language of quantum channels, we
can investigate whether it satisfies these properties and draw insights into the interplay
between nonequilibrium thermodynamics and information processing.
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Figure 3.1: The setup described in [129]

3.1.1 | Quantum Fluctuation Theorems
Taking the approach presented in [129] consider a quantum system in an initial thermal
state
ρs =

e− βHs

tr e− βHs

: Hs =

∑ Ei |Ei ⟩⟨Ei |

(3.1)

i

whose energy can be described by an out-of-equilibrium 1st law as described in Chapter 1
∆U = ⟨ Q⟩ + ⟨W ⟩.

(3.2)

Let’s imagine that this system interacts with an ancillary system A, bringing it to a final
state ρ′s which if diagonalised can be related to a thermal state ρ̃S with respect to a final
Hamiltonian H ′ = ∑k Ek′ | Ek′ ⟩⟨ Ek′ | which is related to ρs via an isothermal process. This
whole process can be encapsulated by a unitary V on the space of the ancilla and system
so through a Stinespring dilation we may relate to a channel acting solely on the system

E : B(H) → B(H′ ) where
n
o
E (ρs ) = trdA Vρs ⊗ ρA V † .

(3.3)

By the Choi-Kraus Theorem, this can be associated to a Kraus representation

E (ρs ) = ∑ K j ρK †j
j
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where K j are the non-unique Kraus operators which can be derived from V. Carrying
out a two point measurement scheme [130] in the energy eigenbasis as presented in
Chapter 1 we obtain a distribution for the energy

P F (∆U ) =

∑ ⟨Ek′ | K j |Ei ⟩⟨Ei |ρs |Ei ⟩⟨Ei |K†j |Ek′ ⟩ δ

∆U − ( Ek′ − Ei )



(3.5)

i,j,k

the energy distribution for the forward evolution of the system in the terms of the Kraus
operators of its channel. We can verify that this is a valid distribution by checking that
it’s normal
Z

d∆U P F (∆U ) =

Z

d∆U

∑δ


∆U − ( Ek′ − Ei ) ⟨ Ek′ | K j | Ei ⟩ ⟨ Ei | ρs | Ei ⟩ ⟨ Ei | K †j | Ek′ ⟩

i,j,k

(3.6)
we may cycle these inner products since they are just numbers

∑

⟨ Ei | K †j ∑k | Ek′ ⟩ ⟨ Ek′ | K j | Ei ⟩ ⟨ Ei | ρs | Ei ⟩

(3.7)

i,j

which exposes a completeness relation over k giving

∑ ⟨Ei | K†j K j |Ei ⟩ ⟨Ei | ρs |Ei ⟩

(3.8)

i,j

exposing two other completeness relation over the | Ei ⟩ basis and the Kraus operators

∑ ⟨Ei | ρs |Ei ⟩ = tr{ρs }

(3.9)

i

=⇒

Z

d∆U P F (∆U ) = 1

(3.10)

as required.

3.1.1.1 | A Jarzynski-like Equality
Finding the expectation value ⟨e− β(∆U −∆F) ⟩ with respect to this forwards process energy distribution we can derive an integral fluctuation theorem which has the form of
a Jarzynski equality but does not solely contain work contributions as it is difficult to
distinguish between heat and work in this context.

⟨e− β(∆U −∆F) ⟩ =
=

∑ ⟨Ek′ | K j |Ei ⟩

Z

d∆U P F (∆U )e− β(∆U −∆F)

⟨ Ei | ρS | Ei ⟩ ⟨ Ei | K †j | Ek′ ⟩

Z

d∆U P F (∆U )e− β(∆U −∆F)

(3.11)
(3.12)

i,j,k

=

∑ ⟨Ek′ | K j |Ei ⟩

e− βEi
Z

⟨ Ei | K †j | Ek′ ⟩ e− β((Ek −Ei )−∆F)
′

i,j,k
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Cycling around we expose two completeness relations
e− βEi − β((E′ −Ei )−∆F)
k
e
Z

= ∑ ⟨ Ek′ | K j ∑ | Ei ⟩ ⟨ Ei | K †j | Ek′ ⟩
i

j,k

(3.14)

giving the expression

= ∑ ⟨ Ek′ | K j K †j
j,k

e− βEi − β((E′ −Ei )−∆F) ′
k
| Ek ⟩
e
Z

(3.15)

where cancelling the common energy terms and expressing the free energies in terms of
the partition function gives

= ∑ ⟨ Ek′ | K j K †j
j,k

1 Z − βE′ ′
k |E ⟩
e
·
k
Z Z′
(
)

=⇒ ⟨e− β(∆U −∆F) ⟩ = tr

∑ K j K†j ρ̃′s

(3.16)

= γ.

(3.17)

j

This means that γ = 1, giving the integral flucutation relation desired if and only if
∑ j K j K †j = I which is a property satisfied by the Kraus representations of unital channels for which the identity, and so the maximally mixed state, is a fixed point. If this
condition is met we have

⟨e− β(∆U −∆F) ⟩ = 1

(3.18)

which is a Jarzynski type integral fluctuation relation.

3.1.1.2 | A Tasaki-Crooks Fluctuation Relation
To arrive at this fluctuation relation we must achieve a ratio between the likelihoods
of backwards and forwards process, and whilst we have an energy distribution for the
forwards process we must now derive such a probability distribution for a backwards
process before proceeding. The time reversed or backwards operation is not unique in
its implementation but following the approach of [129] we consider reversing the order
of Kraus operators in the Kraus representation to be a time reversal operation. We also
make the constraint that the reversed map have the form

E R (ρ̃′S ) = ⟨τ | V † ρ̃′S ⊗ IdA V |τ ⟩

(3.19)

where |τ ⟩ is the initial state of the forwards protocol and the ancilla is taken to end up in
the maximally mixed state allowing us to project back onto the initial state. This gives
the Kraus representation

E R (ρ) = ∑ Ki† ρKi
i
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where Ki = ⟨i | V |τ ⟩ by the above argument and so the backwards distribution may be
constructed using these Kraus operators as follows

P B (−∆U ) =

∑ ⟨Ei | K†j |Ek ⟩⟨Ek′ |ρ̃′S |Ek′ ⟩⟨Ek′ |K j |Ei ⟩ δ


∆U − ( Ek′ − Ei ) .

(3.21)

i,j,k

We may now investigate whether the backwards distribution is normal by integrating
over it.
Z

d∆U P B (−∆U ) =

∑

⟨ Ei | K †j | Ek′ ⟩ ⟨ Ek′ | ρ̃′s | Ek′ ⟩ ⟨ Ek′ | K j | Ei ⟩

Z

d∆U δ ∆U − ( Ek′ − Ei )



i,j,k

(3.22)
Cycling terms and using completeness, expressing states term by term and cancelling
expressions we have

= ∑ ⟨ Ek′ | K j ∑i | Ei ⟩ ⟨ Ei | K †j | Ek′ ⟩

e

− βE′
k
Z′

(3.23)

j,k

=∑
j,k

e
⟨ Ek′ | K j K †j

− βEk

Z′

(

| Ek′ ⟩

= tr

∑

)
K j K †j ρ̃′s

= γ.

(3.24)

j

That is, to normalise this distribution we would need to divide it by γ. The same measure of non-unitality that emerged in the derivation of the Jarzynski-like equality. Dividing this two distribution, we obtain a Crooks-like Fluctuation theorem

P F (∆U )γ
γρs
e− βEi Z ′
= ′ = γ ∑ − βE′ ·
P B (−∆U )
ρ̃s
Z
k
i,k e

(3.25)

P F (∆U )
= γe− β(∆U −∆F)
P B (−∆U )

(3.26)

which recovers the standard Crooks Fluctuation theorem for unital maps.

3.1.1.3 | A Nonequilibrium Landauer Bound
As discussed in [128, 131], imagine a scenario where we now switch our thermodynamic
attention to the ancilla in Figure 3.1 as a model for a thermal environment, giving the
Stinespring dilation
n
o
E (ρ) = trds Uρs ⊗ ρU † .

(3.27)

By the Choi-Kraus theorem we may represent this map using a non-unique choice of
Kraus operators

E (ρ) = ∑ Ai ρAi† .
i
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The heat exchanged by this environment may be found through a two point measurement scheme on this channel in the energy eigenbasis. If the bath is in an initial thermal
state ρ B with respect to the Hamiltonian H = ∑ j Ej | Ej ⟩⟨ Ej | and has a final Hamiltonian
H ′ = ∑k | Ek′ ⟩⟨ Ek′ | then we obtain the heat distribution

P (∆Q) =

∑ ⟨Ek′ | Ai |Ej ⟩⟨Ej |ρB |Ej ⟩⟨Ej | A†j |Ek′ ⟩ .

(3.29)

i,j,k

To obtain the Landauer bound we consider the expectation value ⟨e− βδQ ⟩ relative to this
distribution which following the argument presented for the Jarzynski-like result will
give
(

⟨e

− β∆Q

⟩ = tr

∑

)
Ai Ai† ρ B

=γ

(3.30)

i

where γ is a measure of non-unitality as introduced prior. Applying Jensen’s inequality

⟨ f ( x )⟩ ≥ f (⟨ x ⟩) we have
⟨e− β∆Q ⟩ ≥ e− β⟨∆Q⟩
" (
)#
=⇒ ⟨ β∆Q⟩ = − ln tr

∑ Ai Ai† ρB

(3.31)

≤ − β⟨∆Q⟩

(3.32)

i

which gives a general Landauer bound for quantum channels

− ln γ ≤ β⟨∆Q⟩.

(3.33)

3.2 | DQC1
This section features parts reproduced from [98].
Information and thermodynamics are intimately linked. This is an old idea, known
to Maxwell [1], his demons and Szilard [3] a century ago. Explored more closely by
Landauer [4] and Bennett [132], even leading to the famous black hole information paradox [133].
A quantum algorithm is a process where the information content of a quantum state
is changed towards achieving a computational goal upon measurement. Since information and thermodynamics can, in certain contexts, be two sides of the same coin one
would expect that relationships can be made between a computational task and the
thermodynamics experienced by the system carrying out an algorithm to achieve this
goal.
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(a)
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(c)

(b)

Figure 3.2: The main ideas of this work visualised, (a) a quantum circuit can be thought
of as (b) an effective open quantum system whose dynamics be analysed through the
formalism of (c) quantum channels.

Large strides have been made towards understanding the relationship between quantum information and thermodynamics [134, 135, 67, 136, 137] but the thermodynamics
of quantum computation itself, as is highlighted in [138], has been largely unexamined
despite its clear importance. Recent work has started to move in this direction with
the study of thermodynamics of quantum annealers [139, 140, 141], the use of quantum computers to implement heat engines [142] and thermodynamic optimisation of
information processing tasks focusing on changes in numbers of qubits [143, 136]. But
an analysis of the thermodynamics of a quantum system in light of the content of the
computation it is carrying out has not been performed, to our knowledge.
In this work we attempt to address this gap by examining the thermodynamics of
arguably the simplest quantum complexity class. First in a general setting using the
equality form of Landauer’s principle [125, 144] to derive thermodynamic 1st laws for
this class of algorithms in section 3.2.1. Then specifically for in the DQC1 trace estimation algorithm [99], we show in section 3.2.3 that the dynamics of its control qubit
satisfy a fluctuation relation which allows us then in section 3.2.4 to examine its thermodynamics more closely. Here we wish to understand whether relationships can be
be made between the size of the trace being estimated and the thermodynamics experienced by the quantum system carrying out this estimation. And, if the thermodynamics
of this quantum system can impact the accuracy of the computation it is carrying out.
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3.2.1 | Two 1st Laws for DQC1
The main feature of DQC1 algorithms is that they make use of a register of qubits prepared in the initial state
I1 + ασ1z
In
⊗ n
(3.34)
2
2
where α = 1 in the original clean DQC1 case [6] and α ∈ [0, 1] in the non-clean case [110,
115], and it is only the first qubit which is measured. In this sense, the first qubit is the
logical or special qubit and the qubits in the maximally mixed state may be thought of as
ancillas. The letter C is used here as in the trace estimation setting the logical qubit acts
as a control qubit. Let us label the first qubit ρC =

I1 +ασ1z
2

and the mixed qubits ρ A =

In
2n .

The equation

⟨Σ⟩ = β⟨ Q⟩ + ∆S = I(S′ : R′ ) + D (ρ′R ||ρ R )

(3.35)

expresses the average entropy production in terms of the correlations formed across
a system and a reservoir, quantified by the mutual information, and relative entropy
of the states of the reservoir at the start and end of a nonequilibrium process where
initially, the reservoir is in a thermal state and the system and reservoir are separable.
This expression was originally explored in [125] to split the entropy production into a
thermodynamically reversible contribution due to heat exchange and thermodynamically irreversible contribution due to the formation of correlations but was later reformulated [144] as presented above which can be regarded as nonequilibrium 2nd Law.
Clearly, the register of DQC1 algorithms is amenable to this framework so let’s start our
thermodynamic analysis here.
From the perspective of the logical qubit, we can consider it to be the thermodynamic
system of interest and the maximally mixed register as the reservoir, which is thermal
relative to some H A = ∑i ωi σiz local Hamiltonian. Here, we have D (ρ′A ||ρ A ) = 0 since
ρ′A = ρ A = 2Inn and the mutual information

′
I ρC′ : ρ′A = S(ρC′ ) + S(ρ′A ) − S(ρCA
).
(3.36)
Since von Neumann entropy is invariant under the action of a unitary we find
′
S(ρCA
) = S(VρC ⊗ ρ A V † )

(3.37)

= S (ρC ⊗ ρ A ) = S (ρC ) + S (ρ A )

(3.38)

where V ∈ SU ( N + 1) is the global unitary representing a given DQC1 algorithm and
the additivity of the von Neumann entropy over separable states was used giving

I(ρC′ : ρ′A ) = S(ρC′ ) − S(ρC ) = ∆SC
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which implies that the entropy production of the control qubit is equal to its change in
entropy and it transfers no heat to the maximally mixed register.

⟨ΣC ⟩ = ∆SC

β A ⟨ QC ⟩ = 0

(3.40)

This can also be seen from the fact that the ancillary component of the register remains
in the maximally mixed state throughout the computation giving

β A ⟨ QC ⟩ = tr (ρ′A − ρ A ) H A = 0

(3.41)

and the 1st law for the logical qubit
∆Ec = ⟨WC ⟩.

(3.42)

Shifting perspectives, we can now focus on the maximally mixed register as our thermodynamic system of interest and consider the logical qubit, whose initial state is thermal
relative to HC = ωσz , to be the reservoir. We begin with the entropy where we now have
∆S A = 0 since the state of the ancillary register is unchanged and all entropy production
will be associated to heat exchanged. For the same reason, the 1st law in this context is

⟨WA ⟩ = −⟨ Q A ⟩.

(3.43)

The mutual information remains the same as (6) due to its symmetry but the relative
entropy term is now

D (ρC′ ||ρC ) = −S(ρC′ ) + tr ρC′ lnρC

(3.44)

giving the entropy production for the ancillas

⟨Σ A ⟩ = ∆SC − S(ρC′ ) + D (ρC′ ||ρC )

= tr (ρC′ − ρC )lnρC = ∆EC

(3.45)

=⇒ ⟨Σ A ⟩ = β C ⟨ Q A ⟩ = ∆EC

(3.47)

(3.46)

and so the entropy production of the ancillary register is equal to the heat it exchanges
with the logical qubit, which is equal to its energy change. In this sense, the thermodynamics of this complexity class is straightforward.
As a result of the equality form of Landauer’s principle [125, 144] the thermodynamics of any DQC1 algorithm may be summarised as heat being exchanged from the
ancillary register to the logical qubit which varies depending on how much the entropy
of the first qubit changes. This will be dependent on correlations formed between partitions involving the logical qubit and parts of the ancillary register with the remaining qubits [111, 105] and the temperature difference between the qubits inherent of the
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DQC1 complexity class. Whilst the choice of what is the system and what is the bath is
subjective, the thermodynamics experienced in terms of the heat exchanged, is not. As
is verified by looking at both these perspectives.
It is important to appreciate that if one has DQC1 algorithms represented by unitaries that are not energy preserving, that is

[V, HS + HC ] ̸= 0

(3.48)

that the work terms in (9) and (10) may include contributions from an external agent
implementing this unitary and more housekeeping would be necessary. Since the ancillary qubits are in a maximally mixed state no work done on the ancillary qubits by an
external agent can be captured by this scheme. The work we see is work carried out by
the ancillary qubits in exchanging this heat with the control qubit – which is equal to
the energy change in the control qubit. This cannot be said for the logical qubit in the
DQC1 complexity class where the work carried out on this qubit can not only feature
heat it acquires from the ancillary qubits through the interaction mediated by V but also
in changes to its local Hamiltonian which may occur during the implementation of V.
For this reason, we dub these energetic 1st laws as opposed to standard thermodynamic
1st laws.
These two 1st laws are our first main result and will be used in section 3.2.4 to investigate the thermodynamics of the DQC1 trace estimation algorithm.

3.2.2 | Unitality of DQC1 Channels
Having introduced the DQC1 complexity class, we now demonstrate that the dynamics of the logical can be recast as a quantum channel using the tools of open quantum
systems, illustrated in Fig 3.2 (b,c).
In this formalism we may associate this evolution with a Stinespring dilated representation as
 
 
In
E (ρS ) = trn V ρS ⊗
V † = ρ′S
2

(3.49)

where V is a unitary satisfying property 2 representing the product of unitary gates
carried out on the register which result in a specific DQC1 algorithm. By the ChoiKraus Theorem we can associate a Kraus representation to this map

E (ρS ) = ∑ Λi ρS Λi† :
i
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i
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where Λi are the corresponding Kraus operators which are derived from the unitary V
in the Stinespring dilation as
Λi,j =

q

b j ⟨ i B | V | jB ⟩

(3.51)

where |i B ⟩, | jB ⟩ are eigenkets of the environment and b j are the eigenvalues of the initial
state of the environment. Note that we are using two indices since the environment is in
a mixed state. In the DQC1 setting we assume the ancillary register is in the maximally
mixed state and plays the role of the environment. The state of our environment is
diagonal in the energy eigenbasis of a local Hamiltonian H = ∑i Ei | Ei ⟩⟨ Ei | since it can
be expressed 2Inn = 21n ∑i | Ei ⟩⟨ Ei |. As such, the Kraus operators Λi can be expressed
directly as
1
Λi,j = √ ⟨ Ei | V | Ej ⟩
2n

(3.52)

and considering
2n

∑

†
Λi,j Λi,j
=

i,j=1

2n

1
⟨ Ei | V | Ej ⟩⟨ Ej |V † | Ei ⟩
n
2
i,j=1

∑

= I1
by completeness of the energy eigenbasis and unitarity of V, we have that E (·) is a
unital channel for any DQC1 algorithm. This is our first result.
To understand the origin of unitality we can consider instead the register to be in an
arbitrary mixed state giving
2n

∑

i,j=1

†
Λi,j Λi,j

2n

=

∑

q

b j ⟨ Ei | V | Ej ⟩⟨ Ej |V † | Ei ⟩

(3.53)

i,j=1

where now we are unable to use the completeness relation unless b j is either constant,
as in the case of a maximally mixed state, or has only a single non-zero contribution,
as in the case of the ancillary qubits being in the ground state. The unitality of DQC1
channels thus emerges as a result of the environment, i.e. the ancillary register found in
the maximally mixed state and property 1 of this complexity class.
To summarise, DQC1 algorithms encode all relevant computational information in
the state of the logical qubit and this is the only qubit which is measured as described by
property 3. In light of this, it is relevant to examine the evolution of this qubit throughout this quantum information process. We have shown that the dynamics of this evolution is unital. In the proceeding sections, we will apply this fact to the examine the
78

3.2. DQC1

Chapter 3. Thermodynamics & Quantum Computation

thermodynamics and energetics of this complexity class and specifically of the trace
estimation algorithm. For more discussion on the emergence of unitality through different Stinepring dilated unitaries and enviroments consider Appendix A of the preprint
related to this project [98].

3.2.3 | An operational quantum dynamics view of DQC1 Trace Estimation
E R( ρ

)
)

ρC′
′
β
HC

isothermal

ρC′

E (ρ
ρC

β
′
HC

β
HC

Figure 3.3: The setup for our operational analysis as discussed in [129, 145].
The DQC1 trace estimation protocol presented in Chapter 2, utilises the information which is captured by its control qubit to learn about the trace of a unitary which
is implemented across an n qubit register of ancillas in a maximally mixed state. In
this spirit, we examine the energetics and thermodynamics of the control qubit in this
register only, with the hope of relating its thermodynamics to the computational task it
achieves when it is measured at the end of the protocol. By the same motivation, the n
qubit maximally mixed register is treated as an inaccesible environment.
The evolution of this first qubit can be associated to a Stinespring dilated representation of a quantum channel
 
 
In
E (ρC ) = trn V ρC ⊗
V † = ρC′ .
2

(3.54)

Here V = ( H ⊗ In ) (|0⟩⟨0| ⊗ In + |1⟩⟨1| ⊗ U ) ( H ⊗ In ) where H is the Hadamard gate
on the first qubit, In is the identity operation on the n qubit ancillary register and U is
the unitary which is applied to the ancillary register and controlled on the first qubit.
It is the trace of this U which we estimate by measuring the first qubit. In Eq. (3.54),
we have represented the trace estimation protocol from the perspective of the logical
qubit in terms of a quantum operation. We are tracing over the maximally mixed qubits
which emphasises that in this analysis they are considered to be an inaccessible part of
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total n + 1 qubit state. The first qubit is treated as the energetic system of interest, with
initial state
ρC (α ) =

I1 + ασ1z
2

(3.55)

where I1 is the single qubit identity matrix and α is a coefficient determining the polarization or mixedness of this qubit. This state is a thermal state relative the system
Hamiltonian and being a single qubit state we can associate an effective inverse temperature β to it
HC = −ωσz : β = ω −1 tanh(α)

(3.56)

where HC is a typical qubit Hamiltonian with ω being a constant related to the Larmor
precession frequency on the Bloch Sphere. The final state of the control qubit in the trace
estimation protocol before measurement is
y

} z
}
I1 + α ℜ{2trU
σ1 + α ℑ{2trU
σ1
n
n
=
(3.57)
2


}
where an effective temperature β′ = ω −1 tanh α ℜ{2trU
may be associated to the case
n

ρC′ (α)

ℑ{trU }
2n

= 0 and only unitary’s with real trace contribution are input, since the final
state of the control qubit would be thermal with respect to HC . An isothermal process
may instead be carried out to get to this state by changing the Hamiltonian’s precession
frequency to


ℜ{trU }
(3.58)
ω ′ = ω (arctanh(α))−1 arctanh α
2n
where

for a more extensive discussion on the association of an effective temperature to these
states refer to 3.2.6. By the Choi-Kraus Theorem we can associate a Kraus representation
to this map

E (ρ) = ∑ Λi ρΛi† :
i

∑ = Λi† Λi = I1

(3.59)

i

where Λi are the associated Kraus operators. With this in hand, it will prove useful
to convert this channel in terms of its Choi representation. To do so we may make
use of the Choi-Jamiołkowski isomorphism [146, 147, 148] which gives the Choi state
corresponding to this channel as
ΥE = (E (ρ) ⊗ I1 ) | φ⟩⟨ φ|
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where | φ⟩ = ∑2i=1 |ii ⟩ i.e. the two qubit un-normalised Bell state. For this channel we
find
#
"
}
}
}
}
I1 + ℜ{2trU
σz + ℑ{2trU
σy σx + i ℜ{2trU
σy + i ℑ{2trU
σz
1
n
n
n
n
(3.61)
ΥE =
}
}
}
}
2 σx − i ℜ{2trU
σy − i ℑ{2trU
σz I1 − ℜ{2trU
σz − ℑ{2trU
σy
n
n
n
n
this is the Choi state for the DQC1 trace estimation protocol. A detailed derivation is
given section 3.2.7. It is easy to verify that

E ( I1 ) = tr2

n

 o
I1 ⊗ I1 T ΥE = I1

(3.62)

meaning that the identity is a fixed point of this map and that E (ρ) is unital. We may
also define the time-reversed channel for this process


E R (ρ) = trn V

†



In
ρ⊗
2

 
V

(3.63)

whose Choi state is the complex conjugation of Eq. (3.61) and as such is also unital.
Such maps have been shown to satisfy fluctuation relations [127, 126, 149, 129] where,
in particular, the energetics of the control qubit throughout the computation satisfy the
Crooks fluctuation theorem

P F (∆EC )
= e β(∆EC −∆F)
P R (∆EC )

(3.64)

as a result of the unitality of the backwards and forwards processes [129], where ∆F
is the free energy change in the isothermal process, Making use of the 1st law for the
logical qubit (3.42) we find that the work done on the control qubit due to the heat
exchanged with maximally mixed qubits, in the trace estimation algorithm, satisfies the
Crooks fluctuation relation

P F (WC )
= e β(WC −∆F) = eΣC
P R (WC )

(3.65)

P F (WC )
= e∆SC
P R (WC )

(3.66)

and by (3.40)

This is our second main result.
In the next section we will now put our results to use in trying to find and understand relationships between the thermodynamics of a DQC1 register and the information it processes in the DQC1-complete trace estimation problem [99].
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Figure 3.4: Change in energy in the control qubit for different real trace contributions
}
( ℜ{2trU
) and α the polarisation of the control qubit.
n

3.2.4 | The thermodynamics of DQC1 trace estimation
Whilst the reduced state of the maximally mixed register cannot change, in the trace
estimation algorithm the reduced state of the control qubit does change to encode the
trace being estimated


1+ α


ρC′ (α) = 





ℜ{trU }
2n



−iα

2

iα

ℑ{trU }
2n +1





1− α

ℑ{trU }
n +1

 2
ℜ{trU }
2n





(3.67)

2

where the real trace contribution affects the population probabilities and the imaginary
trace contribution affects the coherence. In this work, we will not focus on the thermodynamics of the generation of these coherences [150, 54] but instead limit our examination
I +α

ℑ{trU }
2n

ℜ{trU }

= 0 giving the final state ρC′ = 1 2 2n . We assume
that the the control qubit is governed by the Hamiltonian HC = −ωσz throughout the
computation meaning that the initial and final states of the logical qubit are thermal
with respect to this Hamiltonian at inverse temperatures β and β′ respectively such that


ℜtrU
−1
′
−1
β = ω tanh (α)
β = ω tanh α n
(3.68)
2
to the set of unitaries with

i.e. the control qubit gets hotter throughout the computation. Applying the 1st law
derived earlier we see that this qubit gets hotter as a result of heat exchanged with the
maximally mixed register such that

ℜ{trU }
∆EC = −⟨ Q A ⟩ = ⟨WC ⟩ = αω 1 −
2n
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Figure 3.5: Change in entropy of the
in the (∆SC = S(ρC′ ) − S(ρC )), for differ first qubit


}
ent normalised trace contributions ℜ{2trU
and values of polarisation α. The symmetry
n
in this figure is mathematically due to the form of the entropies being a binary entropy
function. Physically, it indicates that we cannot distinguish between positive and negative traces on the level of information, which is starkly different from what we see in
Fig 3.4. Where negative traces have larger energy exchanges.

The heat exchanged with the control qubit is thus dependant on what trace is being
estimated where the farther the trace being estimated is from that of the identity, the
more the energy changes. If the trace being estimated is that of the identity, the energy
of the control qubit naturally does not change as a controlled identity operation will
not change the Hamiltonian of ancillary register, doing work on it and allowing it to
exchange heat with the logical qubit. The polarisation α of the control qubit is related to
how mixed and hot this qubit is. In this sense, it also quantifies how out of equilibrium
the control qubit is from the maximally mixed ancillary part of the register initially and
examining Fig 3.4 it’s clear that if the control qubit is hotter at the outset it changes less
as it has a lower temperature gradient.
The von Neumann entropy is defined
S(ρ) = −tr{ρ ln ρ}

(3.70)

so the initial and final state before measurement corresponding to the system have the
entropy

S(ρC ) = H2

1−α
2



S(ρC′ ) = H2

}
1 − α ℜ{2trU
n
2

!
(3.71)

which are both binary entropy functions H2 ( x ) = −(1 − x ) ln(1 − x ) − x ln( x ). The
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change in entropy ∆SC is plotted in Figure 3.5. On examination, one sees that the entropy is in general increasing satisfying the 2nd law of thermodynamics and that there is
dependence on the normalised trace being estimated and the polarisation of the control
qubit. As a result of the first law on the control qubit we saw that its change in entropy is the only contributor to its entropy production (3.40) and in light of the second
result (3.66), the ratio of likelihoods of forwards and backwards processes occurring is a
function of the change in entropy. From Figure 3.5 we see that the change in entropy has
dependence on the trace being estimated but that it is majorly impacted by the temperature of the control qubit through α. As such, the hotter the control qubit, the less entropy
production and the more likely thermal fluctuations become. We can corroborate this
by looking at the work statistics of the control qubit.
A two-point-measurement scheme [130, 151] may be implemented to investigate
the work distribution associated to the control qubit. Here we measure in the energy
eigenbasis at the start and end of the protocol allowing us to establish a probability
distribution associated to work. Whilst delineations between heat and work are often
difficult to make, in our setting this is not an issue due to the 1st law 3.42 derived in
section 3.2.1 meaning that all energy changes detected in the control qubit will be due
to work done on it equal to the heat it receives from the maximally mixed register.
The work probability distribution is given by

P (W ) =

∑ pn p′m|n δ

′
W − ( Em
− En )



(3.72)

n,m

where pn = ⟨n| ρS |n⟩ are the probabilities associated to the initial state, p′n|m = ⟨n| ρ′S |m⟩
are the conditional probabilities associated to the final state and Em and En are the energy eigenvalues associated to the initial Hamiltonian H = ∑n En | En ⟩⟨ En | and the final
′ | E′ ⟩⟨ E′ |. In this setting, we have the same initial and final
Hamiltonian H ′ = ∑m Em
m
m
Hamiltonian HC = −ωσz for the control qubit at the start and end of the algorithm,
before measurement. The probabilities achieved by the scheme are readily evident from
the initial state ρC (α) whose population probabilities give the initial probabilities and the
final state ρC′ (α) whose population probabilities are conditional giving the distribution


P (WC ) =


+

1+α
2



1+α
2



}
1 + α ℜ{2trU
n
2
!
ℜ{trU }

1−α
2

2n

!!

}
1 − α ℜ{2trU
1−α
n
+
δ(WC )
2
2
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}
1 + α ℜ{2trU
1−α
n
δ(WC − 2ω ) +
δ(WC + 2ω ).
2
2
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(3.73)
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(a) α = 1

(b) α = 0.5

(c) α = 0

Figure 3.6: Work distributions for the control qubit in DQC1 trace estimation with different values of α. In these plots, θ is the parameter from Eq. (3.77) giving different
two qubit unitaries whose trace is estimated and ω = 1. As α becomes smaller and so
the effective temperature of the control qubit becomes larger, fluctuations become more
apparent in the work distribution.
As one expects, the first moment of this work distribution

⟨WC ⟩ =

Z ∞
−∞

WC P (WC ) dWC = ∆EC

(3.74)

is equal to the change in energy of the control qubit, recovering the 1st law derived
earlier. Examining the second moment
Z ∞

Var[WC ] =
WC2 P (WC ) dWC
−∞


2 ℜ{trU } 2
= 2ω
α −1
2n

(3.75)
(3.76)

showing that fluctuation in the work distribution are mostly dependent on α, since ω
is a scaling term, corroborating what we expected from the fluctuation relation satisfied
by the control qubit (3.66).
Clearly different trace estimations will have different work distributions, with some
displaying nonequilibrium behaviour on examining their higher moments if the distribution is asymmetric. To make this more tangible, we consider the trace estimation of a
family of 2 × 2 matrices given by the parameterised iSWAP

1
0
0

0 cos(θ/2) i sin(θ/2)
iSWAP(θ ) = 
0 i sin(θ/2) cos(θ/2)

0
0
0

0




0

0

1

(3.77)

where the trace is solely real therefore corresponding to an effectively thermal transformation suitable to the analysis we have made, and it is a function of θ given by
ℜ{trU }
4

= cos2 ( 4θ ). In Figure 3.6 we plot the work distribution for different values of θ
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giving us an insight into how the non-equilibrium work varies for the trace estimation
of these unitaries. We also plot these work distributions for different values of α, visually showing how fluctuations in the work distribution become more prevalent for
higher values of α.

3.2.5 | Discussion
A quantum computation is an information process carried out by a quantum system.
To accomplish this computation, the quantum system evolves and its information content changes such that upon measurement we achieve the task we set out to. But, the
evolution of a quantum system can be viewed as a thermodynamic process, not only
an information one. In this work, we have taken this perspective on board fully first
by showing that DQC1 complexity class satisfies two thermodynamic first laws and
after this,demonstrating that the DQC1 trace estimation protocol can be recast as a unital quantum channel acting on the control qubit and therefore satisfies a fluctuation
relation. Following this, we have used this framework to investigate how the computational task of trace estimation can be related to the thermodynamics experienced by the
first qubit in the DQC1 register, both in the average and non-equilibrium settings. Restricting our analysis to unitaries with real traces we have investigated a purely thermal
process associated to changes in population probabilities in thermal states such that we
can avoid any subtleties associated with the presence of coherences in the final state. We
see that the change in energy, and so the average work done, is directly related to the
real contribution of the trace being estimated. Similarly, so is the non-equilibrium work
distribution, where we see that the trace estimation of different unitaries makes use of
different trajectories in the evolution of the first qubit throughout the computation. In
making these relationships we have established that the information content of a quantum algorithm is deeply related to the thermodynamics experienced by the quantum
system carrying out this computation.
We have shown that the thermodynamics of the system carrying out a computation
impacts the result of the computation itself, most notably in how the effective temperature of the control qubit impacts the computation. In Eq. (3.56) we see that the temperature of the control qubit is dependant on how mixed or polarised it is, which is
quantified by α. Examining Eq. 3.57 we see that α impacts the computation on the level
of information, as it affects measurement probabilities and therefore the trace estimation
itself. Whilst this can be corrected on the level of information if the value of α is precisely
known, something which might in practice prove infeasible, the thermodynamic repercussions cannot. We can appreciate this from Eq. (3.66) where we see that the backwards
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processes becomes more likely for less entropy being produced as a result of the control
qubit satisfying a fluctuation relation. This suggests that we should take seriously the
idea that at the end of our computation, before measurement, our system can fluctuate,
effectively resulting in a different state than one would expect to measure. The likelihood of fluctuations is governed by the entropy production of the control qubit which
is a function of α. More to the point, the likelihood of a reverse computation1 is dependent
on temperature, as parameterised by the polarisation α. Indeed in Figure 3.6 see more
abundant fluctuations in the work distribution.
The quantum resources generated by this algorithm have been the subject of much
debate [110, 111, 114, 105]. From our numerical investigations of 2+1 DQC1 in Figure 3.7
and analytical investigations given in section 3.8, it is apparent that different trace estimations generate different amounts of various quantum resources and that this can also
be related to the energetics of the protocol. Understanding how this behaviour scales
remains a matter which requires investigation as we feel it is important to understand
how thermodynamic work is translated into the generation of quantum resources which
are then utilised for a computational task, giving a full picture of this process.
A shortcoming of restricting to thermal states by investigating only unitaries with
real traces in the DQC1 trace estimation protocol is that we lose our ability to understand the thermodynamics associated to the coherence terms manifest in the offdiagonal terms of Eq. (3.67). This resource is relevant for the trace estimation of unitary
matrices with imaginary contributions in their trace and as such understanding the thermodynamics associated to this resource is relevant. A study of the ergotropy [152] of
the control qubit or its heat exchange quasiprobability distribution [54] could provide
insight here.
Fluctuation relations have been studied in an experimental context using NMR before [153]. This means that our results relating the energetics of the trace estimation algorithm to the content of its computation can be experimentally verified using a similar
setup. Hopefully leading to a better understanding between thermodynamic resources
and quantum computation in a testable setting.
DQC1 is a complexity class which makes use of mixed state quantum computation.
It is of interest to investigate other classes of quantum algorithms and to see whether
complexity classes of quantum algorithms can be codified by their thermodynamics. In
particular, our approach of analysing the thermodynamics of an algorithm by treating
the dynamics required to carry out the algorithm as a channel, can be applied to other
1 The

term reverse computation is being used to refer to a stochastic change in the final state before measurement, occurring as a result of the process defined by the reverse channel. This reverse computation
would take you from the target state to a state which is different from the initial state.
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(a) The von Neumann entropy of the first qubit before measurement against the change in free energy
during a 2+1 DQC1 trace estimation algorithm run
on 10,000 random unitaries.

(b) The free energy change throughout the computation against the real part of the trace of the unitary
being estimated for 10,000 unitaries in a 2+1 DQC1
trace estimation algorithm.

Figure 3.7: Both figures are coloured by the negativity generated across the bipartition
involving the 1st and 3rd qubit against the 2nd qubit in a 2+1 DQC1 setup and α = 0.7
for the first qubit polarisation. Generated using toqito [154].
protocols. Since frameworks have also been developed to investigate the quantum resources a quantum channel is capable of generating over a Hilbert space [155] this can
be applied together with our approach, creating a new route for exploring the thermodynamics of creating correlations in quantum algorithms, as has been explored in [156]
using catalytic thermal operations.

3.2.6 | Eﬀective temperature for the control qubit in the isothermal
case
A qubit whose energy eigenbasis is also its computational basis may be described by
the Hamiltonian
H = −ωσz

(3.78)

and a thermal state relative to this Hamiltonian at inverse temperature β is expressed as
e− βH
ρβ =
=
tr{e− βH }

1+tanh( βω )
2

0

0
1−tanh( βω )
2

!
.

(3.79)

In our isothermal analysis of the trace estimation algorithm, the control qubit is taken to
have an initial Hamiltonian Hs = −ωσz which then changes to Hs′ = −ω ′ σz as a result
of work done to implement the controlled unitary gate. We stipulate for the isothermal
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case that the temperature of the controlled qubit remain fixed giving the thermal states
!
!
1+tanh( βω )
1+tanh( βω ′ )
− βHs′
0
0
e− βH
e
2
2
.
ρβ =
ρ′β =
=
=
1−tanh( βω )
1−tanh( βω ′ )
− βHs′ }
tr{e− βHs }
tr
{
e
0
0
2
2
(3.80)
The initial and final reduced states of the control qubit before measurement are diagonal
in the energy eigenbasis
I + ασz
ρ=
=
2

1+ α
2

!

0
1− α
2

0


ℜ{trU }
1 + α 2n
ℜ{trU } z
I
+
α
σ
′
2n
2
ρ =
=
2
0

0
1− α

ℜ{trU }
2n




(3.81)

2

and so take the form of the above thermal states leading to the relations


ℜ{trU }
′
βω = arctanh(α)
βω = arctanh α
2n

(3.82)

where we have related the polarisation of the control qubit to the inverse temperature
and a constant related to the energy gap of the qubit’s basis states. In this way, we can
fix β and α at the outset of the process allowing us to formulate ω ′ such that we maintain
a constant temperature in the isothermal process as
′

ω = ω (arctanh(α))

−1

ℜ{trU }
arctanh α
2n



(3.83)

as adiabatic work is carried out by an external agent changing this Hamiltonian. This
allows us to then compare this process with the real protocol to derive the fluctuation
relation.

3.2.7 | Deriving the Choi Representation for the DQC1 Trace Estimation Algorithm
Consider the circuit for the DQC1 trace estimation protocol where the evolution of the
state of the first qubit as a result of this protocol, before measurement, can be modelled
by the quantum operation
 
 
In
E (ρ) = trn V ρ ⊗
V† .
2

(3.84)

where V = ( H ⊗ In ) (|0⟩⟨0| ⊗ In + |1⟩⟨1| ⊗ U ) ( H ⊗ In ). By the Choi-Kraus Theorem we
can associate a Kraus representation to this map

E (ρS ) = ∑ Λi ρS Λi† :
i
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where Λi are the associated Kraus operators. These Kraus operators may be derived
from the unitary V in the Stinespring dilation as
q
Λij = ⟨i B | V | jeB ⟩ = b j ⟨i B | V | jB ⟩

(3.86)

where |i B ⟩ is an eigenket of the environment, | j̃⟩ is a eigenket for the inital state of the
environment and |b j ⟩ is an eigenvalue of the initial state of the environment. The Kraus
operators are not unique and dependent on the choice of basis for the environment. For
the case of 2+1 DQC1 with the general two qubit unitary

u11 u12 u13 u14

3
 u21 u22 u23 u24
U = ∑ uij |ij⟩⟨ ji | = 
 u
 31 u32 u33 u34
i,j=1
u41 u42 u43 u44




 : uij ∈ C



(3.87)

whose trace we are estimating, this gives the 16 Kraus operators using the computational basis.
1
4
1
4

K00 =

(u11 + 1)
(1 − u11 )

K02 =
K10 =
K12 =
K20 =
1
4
1
4

K22 =

u12
4
− u412
u31
4
− u431
u32
4
− u432
u21
4
− u421

(u22 + 1)
(1 − u22 )

K30 =
K32 =

u41
4
− u441
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4
− u442

1
4
1
4

(1 − u11 )
(u11 + 1)
!
− u412
u12
4
!
− u431
u31
4
!
− u432
u32
4
!
− u421
u21
4
1
(
4 1 − u22 )
1
+ 1)
4 ( u22 !
u41
− 4
u41
4
!
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u42
4

!
K01 =
K03 =
K11 =

1
4
1
4

(u33 + 1)
(1 − u33 )

K13 =
K21 =
!
K23 =
K31 =
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1
4
1
4

u13
4
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4
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4
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4
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4
− u424
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4
− u443

(u44 + 1)
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− u413

!
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4
!
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4
1
(
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1
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4 ( u33 !
u34
− 4
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4
!
− u423
u23
4
!
− u424
u24
4
!
− u443
u43
4
1
(
4 1 − u44 )
1
4 ( u44 + 1)

!

!

Using the Kraus representation for E (ρ) provided by these operators we may construct
the Choi state corresponding to this channel by the Choi-Jamiołkowski isomorphism
[146, 147, 148]
ΥE = (E (ρ) ⊗ I1 ) | φ⟩⟨ φ|
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allowing us to obtain

ΥE =

1
16

4 + ∑3i,j |uij |2 + ℜ{trU }
3
2
 − ∑3i,j |uij |2 − iℑ{trU }
− ∑i,j |uij | − i ℑ{trU }
4 + ∑3i,j |uij |2 + ℜ{trU }

− ∑3i,j |uij |2 + i ℑ{trU }
4 + ∑3i,j |uij |2 − ℜ{trU }
4 + ∑3i,j |uij |2 − ℜ{trU }
− ∑3i,j |uij |2 i ℑ{trU }

− ∑3i,j |uij |2 + i ℑ{trU }
4 + ∑3i,j |uij |2 − ℜ{trU }
4 + ∑3i,j |uij |2 − ℜ{trU }
− ∑3i,j |uij |2 + i ℑ{trU }



4 + ∑3i,j |uij |2 + ℜ{trU }
− ∑3i,j |uij |2 − i ℑ{trU } 
− ∑3i,j |uij |2 − i ℑ{trU }
4 + ∑3i,j |uij |2 + ℜ{trU }

which can clearly scale to n + 1 DQC1 trace estimation as follows
n n 2
n
n
2 + ∑i,j |uij | + ℜ{trU }
− ∑i,j
|uij |2 + i ℑ{trU }
− ∑i,j
|uij |2 + i ℑ{trU }
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(3.89)
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|uij |2 − i ℑ{trU } 
.
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|uij |2 − i ℑ{trU }
n
n
2
2 + ∑i,j |uij | + ℜ{trU }

− ∑i,j |uij | + i ℑ{trU }

(3.90)
Finally, this Choi representation is only dependent on the trace contributions since for
unitary matrices we have that the square of the Frobenius norm

||U || F 2 =

n

∑

|uij |2 = tr{U † U } = tr{ In } = 2n

(3.91)

i,j=1

giving the Choi state as in (6)
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which can be expressed in block form
"
}
}
I1 + ℜ{2trU
σz + ℑ{2trU
σy
1
n
n
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ℜ{
trU
}
ℑ{
trU
}
2 σx − i 2n σy − i 2n σz

2

2
ℑ{trU }
i 2n +1

1+

ℜ{trU }
2n



2

ℑ{trU } 
− i 2n +1 

ℑ{trU } 
− i 2n +1 

ℜ{trU }
1 + 2n
2

}
}
σx + i ℜ{2trU
σy + i ℑ{2trU
σz
n
n

I1 −

ℜ{trU }
2n σz

−

ℑ{trU }
2n σy

(3.92)

#
.

(3.93)

On examination, one finds that this is a rank-2 Choi Matrix meaning that this map can
be described by two unwieldy Kraus Operators.

3.2.8 | Quantum Correlations generated in 2+1 DQC1 trace estimation
To understand how the quantum resources being generated throughout the computation relate to changes in free energy, and so the work of the system qubit in a tractable
setting let’s consider the trace estimation of two qubit unitaries. In particular for 2+1
DQC1, let’s examine the family of unitaries given by the parameterised iSWAP. Here,
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Figure 3.8: Various quantum resources evaluated at the end of the computation before
measurement, compared with the change in energy for different unitaries given by the
parameterised iSWAP with α = 1 in 2+1 DQC1 trace estimation. This plot is symmetric due to the physical symmetry of the Hamiltonian that generates the parameterised
iSWAP gate i.e. σx σx + σy σy which flips spins.
the trace has only real contributions in particular |trU | = 2 + cos 2θ and ∆E = α sin2 θ.
The entropy of the logical qubit at the end of the computation before measurement is
S(ρ′S )



=−
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(3.95)

We may also quantify the negativity between bipartitions of the state at the end of the
computation for this family of unitaries. Consider the state
 α +1
8
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(3.96)
so taking the partial transpose with respect to the 3rd qubit gives the eigenvalues



√ q

1
1
′
2
2
spec ρ12:3 =
(1 ± α cos(2θ ),
2 ± 2 3α − α cos(4θ )
(3.97)
8
16
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where each eigenvalue has a multiplicity of 2 giving 8 eigenvalues. As such, we have
for 2 α = 1
1
N =
8

q

1 + 4(1 − ∆E)∆E − 1


(3.98)

by taking the sum of negative eigenvalues of the partial transpose [157, 158] and relating
them to ∆E for the iSWAP family. Lastly, the quantum discord [112, 113] is the difference
between classical and quantum mutual information across quantum subsystems given
as

D A (ρ) = I (ρ) − max J{Π A } (ρ) = S(ρ A ) − S(ρ) + min S(ρ B|{Π A } )
{Π jA }

{Π jA }

j

j

(3.99)

where the classical mutual information is maximised over the set of projective measurements on the subsystem A, and is a measure of non classical correlations that are not
necessarily related to entanglement. The discord generated by states through trace estimation computations within the DQC1 complexity class have been the subject of much
debate [159, 114, 160] and so we evaluate this resource for the states that estimate the
trace of this family of unitaries. Using expression for the post-measurement state given
in [111] and applying them to this family of unitaries a numerical value for the discord
was established and is plotted in Figure 3.8.
In this section, we focus on the the DQC1 trace estimation algorithm for three qubits
not because it is relevant from the perspective of computation. We investigate the correlations built in this small register because of the limitations imposed by the convex roof
extensions that define most entanglement measures [161] and because in [110] Datta et
al. show that by considering the three qubit problem a lower bound for negativity in
the generalised n + 1 circuit is achieved and so looking at correlations in this smaller
instance can still provide figures of merit.

3.3 | Concluding Remarks & Outlook
In this work, I examined the quantum complexity class DQC1 through a thermodynamic lens, most closely its trace estimation algorithm. I found that different computations result in different thermodynamics and that the thermodynamics of the register
itself can contribute to the quality of the computation. This reinforced my suspicion that
thermodynamics will prove to matter substantially to quantum computation. In [138] it
is argued that we need to start thinking about the energetic cost of quantum computation and its sustainability. Beyond this, I think it’s important for us to design algorithms
2 The

negativity is equal across either bipartition so indexing is omitted.

93

Chapter 3. Thermodynamics & Quantum Computation

3.3. Concluding Remarks & Outlook

that are thermodynamically mindful, that withstand thermodynamic perturbation at
scale.
Studying quantum algorithms from a thermodynamic perspective was not just insightful from this pragmatist stand point – it also gives an insight into fundamental relationships between information and thermodynamics. Here, I highlight the technique
we used to model a part of quantum algorithm as a quantum channel which we then
show satisfies the Crooks fluctuation theorem. This realisation, that a control qubit in a
quantum information protocol satisfies thermodynamic fluctuation relations is interesting in its own right and might offer insight into how we can use quantum algorithms to
probe the foundation of thermodynamics more generally. Technique of using quantum
channels to study the thermodynamics of quantum algorithms is a promising research
direction to be pursued in future work which can be applied to many scenarios.
Here I mention a handful of basic directions this research can take. To begin with a
quantum channel can be thought of as a process related to some tomographic data or as
the operator form of some Lindblad master equation. Given a quantum channel representation for some quantum algorithm, what physically relevant master equations can I
relate this to and can we classify quantum information processing scenarios in this way?
Another promising route is to consider quantum error correcting codes. These quantum
information processing schemes have already been shown to be analogous to Otto engines for specific instances [162]. Building off of this one would attempt to examine
a more general relationships between different error correcting schemes, their channel
representations and the thermodynamics of these channels. The quantum channel formalism also offers a pathway into various resource theories in quantum information,
potentially creating a bridge between the thermodynamics of a quantum algorithm and
the resources it makes use of. This leads to two interesting lines of research. Firstly,
efforts to characterise the entanglement generating capacity of a quantum channel [163]
which could opens doors to quantifying the entanglement generated by parts of a quantum algorithm and connecting this to thermodynamics. And secondly, the quantum
comb or superchannel formalism was recently used to create a dynamical resource theory around the quantity of magic [164], a quantifier for how hard a quantum process is
to simulate classically. Thus if one could potentially relate quantum algorithms to the
superchannel formalism it would be possible to relate quantum advantage to a thermodynamic cost.
Complexity in classical computer science is the study of how resources scale as the
size of a problem increases and has come to be a figure of merit for how complex or difficult acquiring knowledge from some information source or about some problem is. We
do not have a framework for relating thermodynamics to complexity in modern physics
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and it seems like a more complex task should require more work than one which is simpler. Various proposed theories such ϵ-machines [165], quantum turing machines and
kolmogorov complexity [166] and even considering Hamiltonians as grammars [167]
have been considered to approach this issue. But none of these frameworks draws a
clear link with thermodynamics. Could we develop a theory of complexity using the
quantum channel formalism for quantum algorithms? And maybe even physical processes more generally. This is certainly an interesting line of questioning.
Lastly quantum thermodynamics opens a more pragmatic line of inquiry into quantum computation that has as of yet remained unexamined through the ideas of quantum
control. When we carry out a quantum operation we are really carrying out a physical
process generated by some Hamiltonian for some time but time is not something we
have good awareness of in the quantum world, indeed we cannot assign an observable
to it [168]. So how does inaccurate time keeping impact the processing of quantum information? Recent work has shown that making time keeping more accurate requires
the disspation of more heat [169] leading to another potential source of thermodynamic
complication in running a quantum computer that should be investigated.
Thermodynamics is not a finished story. Before embarking on this project, I thought
thermodynamics was a fairly complete toolset but in doing this work I have seen first
hand that there is so much yet to explore about the foundations of thermodynamics.
Understanding the thermodynamics of quantum correlations or the eigenstate thermalisation hypothesis are very open problems and ones that I think quantum computers
can help us answer.
I believe that understanding the relationships between thermodynamics and quantum information in the context of something tangible like quantum computation will
empower us to examine relationships between thermodynamics and quantum information in as of yet intangible areas in physics, such as black holes or exotic states of matter.
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“Nature isn’t classical, dammit, and if you want to make a simulation of nature,
you’d better make it quantum mechanical, and by golly it’s a wonderful problem, because
it doesn’t look so easy.”
Richard P. Feynman
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