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Introduction to Quantum Mechanics
By convention sweet is sweet, bitter is bitter, hot is hot, cold is
cold, color is color; but in truth there are only atoms and the
void
D EMOCRITUS , PRE -S OCRATIC PHILOSOPHER

The aim of this chapter is to introduce entanglement. Firstly, what it is mathematically and what it models in the physical world. Secondly, to understand what role it
plays in quantum information processes and how to quantify this resource. To do so,
we will make a brief safari through the jungles of quantum mechanics and quantum
information.
Setting The Scene It would not suit the scope of this dissertation to give a historical
account of how humanity came to understand the quantum landscape. Indeed, the
majority of this section will be quite mathematical in nature. But it is my belief that
this is the best way to understand what this field has to say physically.1 In the place of
that here are a few brief words expressing why quantum mechanics is necessary for a
comprehensive understanding of the world around us.
Quite simply, quantum mechanics is the physics which models the nature of objects
left to their most lonesome. Logically, this captures objects which are impressively small
like atoms, molecules (even fairly large molecules like [9]), subatomic particles and field
interactions of these orders of magnitude. But also quantum mechanics governs the
behavior of macroscopic objects such as gases or solids when their constituent particles
aren’t interacting much. In this sense quantum behaviour is about objects being lonely
1 Werner

Heisenberg gives a great autobiographical account in his book, Physics and Philosophy [8].
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rather than being small. It just so happens, that being lonely is a consequence of being
small.
This understanding of the quantum realm, being that of a lack of interaction, is
shared by a number of interpretations of quantum mechanics. Zurek and Zeh’s picture
of decoherence [10], Rovelli’s relational interpretation [11] and spontaneous collapse
theories [12] to name a few. All of which recover classical theory when more and more
quantum objects interact together.
Quantum objects behave differently from classical ones in that they can occupy superpositions in their state space, evolve in time through a process which is not completely deterministic2 and can become highly correlated. In what follows we will outline the mathematical structure that is used to describe these differences and explain
more comprehensively what it means to be quantum.

1.1 | Postulates and Mathematical Formalism
All mathematical structures are born from the axioms or postulates which are set at their
inception. In the case of quantum mechanics, we have 6 postulates [13, 14, 15].
Postulate 1
At a fixed time t0 , the state of an isolated quantum system is defined by specifying
a ket |ψ(t0 )i belonging to a state space H.
A ket |ψi is a normalised vector in a complex inner product space, that is Hilbert
Space, H. By the Riesz representation theorem, we can associate to each ket, a linear
functional and so an inner product. This linear functional is referred to as a bra hψ|3 and
is operationally the complex conjugate transpose or adjoint of this ket.
More explicitly for an n-dimensional Hilbert Space, H = Cn we have

| ψ i : C → Cn

h ψ | = | ψ i ∗ T = | ψ i † : Cn → C

(1.1)

and the inner product and outer products

hψ|φi ∈ C

|ψihφ| : H → H.

(1.2)

This first postulate already encapsulates so much physics! To begin with, our states
live in a vector space which means that they can occupy linear combinations of basis
2 Well. . . not
3 This

unless you want to argue for the bifurcation of the wavefunction of the universe.
notation is due to P.A.M Dirac.
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vectors which are the famous superposition states. This vector space is built over the
field of complex numbers and whilst waving my hands I can say this empowers our states
to interfere with each other like waves. Something which is necessary since our states
model probability amplitudes that behave like waves.
Postulates 2 & 3
2. Every measurable physical quantity S is described by an operator S acting
in H, referred to as an observable.
3. Measuring a physical quantity S of a quantum system results in an eigenvalue of the observable S .
Physical quantities, like position or energy, have real values. As a result of the 3rd
postulate, the eigenvalues of these observables must be real and these operators are
defined to be self-adjoint or Hermitian

S = S†

(1.3)

because Hermitian operators over a complex field ensure a real spectrum. It is worth
noting that this definition is somewhat contentious [16] because operators which are not
Hermitian but have a real spectrum exist and such operators would not be captured by
such a definition. Hermitian operators over a complex vector space enjoy the Spectral
Decomposition theorem which allows us to form a basis for our state space H making
use of the eigenvectors of S , or any other Hermitian operator on this space for that
matter. This gives a direct way to codify all the states in a space in the following way4

S | si i = si | si i

(1.4)

| ψ i = ∑ ci | si i .

(1.5)

i

But since |si i are an eigenbasis and so an orthonormal set in a Hilbert Space, they satisfy
the completeness relation5

I = ∑ |si ihsi |

(1.6)

i

4 This form is applicable to operators with discrete spectra, which are what we will deal with in this
work. Continuous spectra and degenerate spectra will be introduced in passing if necessary.
5 This is a property which is more generically associated with POVMs of which operators like | s ih s |
i
i
are a specific case.
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and so are a complete orthonormal basis. This allows us to re-write (1.5) in the following
way

|ψi = I |ψi = ∑ |si ihsi | |ψi = ∑ |si i hsi |ψi

(1.7)

| ψ i = ∑ h si | ψ i | si i .

(1.8)

i

i

i

From (1.8) we can move on to the next postulate and introduce the Born Rule where one
can begin to appreciate the role of probability in quantum mechanics.
Postulate 4 - The Born Rule
Upon measuring the physical quantity S of a quantum system in state |ψi, the
probability of observing the non-degenerate eigenvalue si of the corresponding
observable S is

P (si ) = |hsi |ψi|2

(1.9)

where |si i is the eigenket of S corresponding to si .
Mathematically, this makes sense. The probability of observing the value si is directly related to how similar the present state of the system is to the quantum state corresponding to that observable value. Quantifying how similar two vectors are is the job
of the inner product and so we have the Born Rule as above. Also, note that the Born
Rule is visible in (1.8) and that we can make this formal by introducing the notion of a
projection operator, Pi
Pi = |si ihsi |

(1.10)

which would in this case give the projection of a state |ψi onto the eigenspace of si .
Comparing with (1.7) we have the projection of |ψi onto si
Pi |ψi = |si ihsi | |ψi

(1.11)

allowing us to write the probability of observing si as the square of the norm of the
projection onto its subspace.

P (si ) = hψ| Pi† Pi |ψi = hψ| Pi |ψi

(1.12)

since Pi is Hermitian and a projector, Pi2 = Pi

= hψ|si i hsi |ψi = |hsi |ψi|2
4

(1.13)
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Measurements carried out by projection operators are known as projection valued measurements and are a specific case of positive operator valued measurements which generalise
the idea of measurement, allowing one to project onto an eigenspace whose corresponding eigenvectors need not be pure.
Making use of projectors, we can also postulate the form of the quantum state after
measurement.
Postulate 5
If the observed measurement of a physical quantity S of a quantum system in a
state |ψi is si , then the state of the system immediately after the measurement is
the normalised projection of |ψi onto the eigenspace corresponding to si .
Pi |ψi
p

hψ| Pi |ψi

(1.14)

This postulate physically shows us that carrying out multiple measurements after
each other with respect to the same observable will produce the same state. This is
because the system is now in the eigenket state |si i corresponding to the projection and
will continue to return si with definite probability. Of course, this is the case if the
repeated measurements are carried out fast enough so as to prevent the system from
evolving in time via postulate 6.
Postulate 6 - Time Evolution
The unitary time evolution of the system follows a least action principle which is
manifested as the Schrödinger equation
ih̄

d
|ψ(t)i = H (t) |ψ(t)i
dt

(1.15)

where H (t) is the observable associated with the energy of the total system
known as the Hamiltonian and h̄ is the reduced Planck’s constant.
This equation can be thought of as the Euler-Lagrange equation for wavefunctions
and empowers us to evolves states and quantum systems forwards and backwards in
time. If the Hamiltonian is such that it is independent of time then the system can be
evolved in time using the unitary time evolution operator
U (t) = e

−iHt
h̄

: U (t) |ψ(0)i = |ψ(t)i .
5
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A Unitary Operator is one which satisfies the property
UU † = U † U = I .

(1.17)

This is relevant in the context of Hamiltonians because by Wigner’s Theorem it ensures
that the Born Rule is preserved under time evolution. This means that the information
in a system is conserved and cannot be destroyed, so as to respect the distribution of
probabilities given by the Born Rule. Additionally, via Noether’s theorem the unitary
time evolution operator ensures time translation symmetry which guarantees that the
Hamiltonian encodes a physical, reversible process and so one that conserves energy.
Quantisation & Commutation Relations

Humans, being themselves classical objects,

understood first the physics of classical objects before that of quantum objects. As a result, it is no surprise that we assemble the operators of quantum mechanics from ones
which we use in classical mechanics. This process of attaining quantum operators from
classical ones is known as quantisation.
In a generic setting, given some classical field, we are able to quantise this field establishing field excitations representing particles through the quantisation of the field
Lagrangian, from which annihilation and creation operators are established. These annihilation and creation operators would then be used to generate all other operators
required. Such a set up is known as 2nd Quantisation [17] and is not required for the
work carried out in this dissertation.
For us it will suffice to work in the setting of the 1st Quantisation, which is a semiclassical quantum theory. This method of quantisation is due to Dirac [18] and is remarkably a part of his PhD thesis, published in 1927. In the context of canonical coordinate systems in classical mechanics and Hamilton’s equations of motion we see the
emergence of Poisson brackets as invariants which are not changed by canonical transformation. This sounds similar to what we would like for our unitary time evolution so
we promote Poisson brackets to commutators to capture this idea.

{ a, b} →

i
[ A, B]
h̄

(1.18)

In particular we promote the classical phase space operators x and p to quantum phase
space operators x̂, p̂ in the following way
∂x ∂p ∂p ∂x
−
= 1 → x̂ p̂ − p̂ x̂ = ih̄
∂x ∂p ∂x ∂p

(1.19)

{ x, p} = 1 → [ x̂, p̂] = ih̄.

(1.20)
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This is known, as the canonical commutation relation and calls to our attention the fact
that in the algebra of quantum operators, commutation is not a given. Physically, this
alludes to the fact that measuring two quantities which do not commute, in succession,
will yield different outcomes depending on order. If operators instead commute, the
order of measurement is not important. Mathematically, this means that the operators
are simultaneously diagonalisable, which is to say they share eigenvectors.
Expectation Values, Variances & Uncertainty Relations

Given a quantum state |ψi

what can we say about it before measuring it? What does it represent? Postulate 2 tells
us that a quantum state is contextualised by the operator whose eigenbasis is articulating the Hilbert Space. This is a matter of choice which is up to us to decide given the
physics of the system. Shall we examine the position, momentum, energy, spin or some
other physical property related to this quantum state? We can do all of these things by
changing the eigenbasis of the system and in turn allowing the quantum state to provide
information in that context.
More formally, a quantum state is a (sometimes quasi) probability distribution and
as such, the state gives us information about how likely it is for us to observe one of the
eigenbasis states of some operator. This likelihood is expressed by expectation values.
The expectation value of some state |ψi with respect to an operator A is defined as

h Ai ≡ hψ| A|ψi

(1.21)

and using the completeness relation we may expose the Born Rule readily in this definition, which is sensible because they are both saying something about the probability
of a measurement outcome.

hψ| A|ψi = hψ|I AI|ψi = ∑ ∑ hψ|i ihi | A| jih j|ψi
i

(1.22)

j

If |i i and | ji are eigenstates of A then this sum will only admit non-zero values for i = j
since the operator is diagonal with respect to its eigenstates.

hψ| A|ψi = ∑ hψ|i ihi | A|i ihi |ψi = ∑ ai |hi |ψi|2
i

(1.23)

i

Taking a look at this sum, we have two parts. The first term ai is the eigenvalue corresponding to the eigenstate |i i, which is the value one expects to see upon measurement.
The second term, is the Born Probability of witnessing this value as defined in postulate
4. In this way, the expectation value, is a weighted average of the measurement values
one can expect for some observable given that the system is in state |ψi.
7
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The variance is the second central moment for a probability distribution and it is
from this quantity that the standard deviation is derived. In that sense, it can be seen
as an expression of variation for some function of a random variable but for us it has
a direct relationship with the uncertainty in an observable in relation to measurement.
The variance as
Var ( A) = [∆( A)]2 = h A2 i − h Ai2

(1.24)

where ∆A is the standard deviation.
With this new definition in mind we can now show how regions of quantum phase
space are always finite and quadratures are governed by uncertainty relations by proving Heisenberg’s Uncertainty Principle using an argument from [15].
Theorem 1.1.1 (Heisenberg’s Uncertainty Principle). Let A and B be observables. Then
for any state we must have the following inequality:
∆( A)∆( B) ≥

1
|h[ A, B]i|
2

(1.25)

Proof. Let A and B be two observables.

hψ| AB|ψi ∈ C =⇒ hψ| AB|ψi = x + iy ∃ x, y ∈ R

(1.26)

=⇒ hψ| [ A, B] |ψi = 2iy

(1.27)

hψ| { A, B} |ψi = 2x

=⇒ |hψ| [ A, B] |ψi|2 + |hψ| { A, B} |ψi|2 = 4 |hψ| AB|ψi|2

(1.28)

Now by the Cauchy-Schwarz Inequality we have

|hψ| AB|ψi|2 ≤ hψ| A2 |ψi hψ| B2 |ψi

(1.29)

which combined with (1.24) gives

=⇒ |hψ| [ A, B] |ψi|2 + |hψ| { A, B} |ψi|2 ≤ 4 hψ| A2 |ψi hψ| B2 |ψi .

(1.30)

=⇒ |hψ| [ A, B] |ψi|2 ≤ 4 hψ| A2 |ψi hψ| B2 |ψi .

(1.31)

Let A = C − hC i & B = D − h D i. Clearly, the terms on the right hand become variances
2

2

4 hψ| A2 |ψi hψ| B2 |ψi = 4 hψ| (C − hC i) |ψi hψ| ( D − h D i) |ψi = 4[∆ (C )]2 [∆ ( D )]2
(1.32)
whilst for the left terms observe the commutator

[C − hC i, D − h D i] = CD − DC + hC ih D i − h D ihC i = [C, D ].

(1.33)

=⇒ |hψ| [C, D ] |ψi|2 ≤ 4[∆ (C )]2 [∆ ( D )]2
1
∴ ∆(C )∆( D ) ≥ |h[C, D ]i|
2

(1.34)
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Figure 1.1: A sketch of a Stern-Gerlach Interferometer by the author.
Having gotten the basics down, we now wish to see them in action. As a canonical example, let us describe the quantum physics of a Stern-Gerlach Interferometer,
allowing us to introduce a spin- 12 system. A system which as we will see has immense
pertinence in quantum information.
Historically, a Stern-Gerlach experiment, features a furnace which shoots silver atoms
towards an inhomogeneous6 magnetic field. The atom, has its own magnetic dipole
moment and as such will interact with the magnetic field. Classically, you’d expect a
normal distribution of atoms being moved up or down according to their initial dipole
moment, but what one finds is that the atoms are deflected distinctly up or down by the
same amount. The magnetic dipole moment is quantised.
The Stern-Gerlach interferometer has a magnetic field examining the z-axis of this
6 This

is important so that a force is exerted on the atom as it travels through the interferometer.
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quantum system. The magnetic dipole moment of the electron can be written as
µ̂ =

e
Ŝ
me

(1.36)

where e is the charge of the electron and m is the mass of the electron. The magnetic
field generated by the interferometer may be written

~z = B(z)~z.
B

(1.37)

Thus, taking the assumption that there is no kinetic energy involved in the system we
have the time-independent Hamiltonian
Ĥ =

B(z)e
Be ˆ
Ŝ~z =
Sz
me
me

(1.38)

showing that the Hamiltonian is essentially the z-component of the spin operator. As a
result, we know by the 2nd & 3rd postulates that the eigenkets of the spin operator are
going to correspond the measurable values of this system.
The deflection may be calculated from the potential as
Fz =

e ∂B(z)
Ŝz
me ∂z

(1.39)

which when measured in the experiment gives two values
Fz =

e ∂B(z) h̄
± .
me ∂z
2

(1.40)

This means that the observable Ŝz has two eigenvalues giving the relations
Ŝz |↑z i =

h̄
|↑z i
2

h̄
Ŝz |↓z i = − |↓z i .
2

(1.41)

This readily allows us to write eigenvalue-eigenket relations for the energy of the system
exposing the system’s two measurable energy levels
Be h̄
|↑z i
me 2
Be h̄
E1 =
me 2

Be h̄
|↓z i
me 2
Be h̄
E0 = −
me 2

Ĥ |↑z i =

Ĥ |↓z i = −

(1.42)
(1.43)

These eigenkets form an orthonormal basis for this state space which we identify with
respect to the z-axis as

|↑z i =

1
0

!

≡ |0i

|↓z i =

10

0
1

!

≡ |1i

(1.44)
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allowing us to write the diagonalised operator
h̄
Ŝz =
2

1

0

!
(1.45)

0 −1

and any7 quantum state in this system as

|ψi = α |0i + β |1i : α, β ∈ C, |α|2 + | β|2 = 1.

(1.46)

The choice of setting up the Stern-Gerlach experiment to examine spin with respect to
the z-axis was of course our choice and the inhomogeneous magnetic field could have
been set up in the x- or y-axis both of which would result experimentally, in deflection
by the same amount. By this reasoning, we can introduce two other spin operators Ŝx
and Ŝy .
h̄
|↑ x i
2
h̄
Ŝy |↑y i = |↑y i
2

h̄
Ŝx |↓ x i = − |↓ x i
2
h̄
Ŝy |↓y i = − |↓y i
2

Ŝx |↑ x i =

(1.47)
(1.48)

Now, we wish to represent these operators in the z-basis so that we can write everything
in |0is and |1is. After some geometric considerations and perhaps classical inspiration8
we realise that Ŝx , Ŝy and Ŝz satisfy the commutation relation

[Ŝi , Ŝ j ] = ih̄eijk Ŝk

(1.49)

giving
h̄
Ŝx =
2

0 1
1 0

!

h̄
Ŝy =
2

0 −i
i

!

0

h̄
Ŝz =
2

1

0

!

0 −1

(1.50)

which allow us to rewrite (1.47) and (1.48) in terms of |0i and |1i as

|0i + |1i
h̄ |0i + |1i
√
√
=
2
2
2
|0i + i |1i
h̄ |0i + i |1i
√
√
Ŝy
=
2
2
2
Ŝx

7 This

|0i − |1i
h̄ |0i + |1i
√
√
=−
2
2
2
|0i − i |1i
h̄ |0i − i |1i
√
√
Ŝy
=−
.
2
2
2
Ŝx

(1.51)
(1.52)

statement is about pure states which will introduce in the coming section.

8 These operators form part of SO(3) and the classical angular momentum operators satisfy the Poisson

bracket { Li , L j } = eijk Lk which can be quantised in part as [Ŝi , Ŝ j ] = ih̄eijk Ŝk .
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The Bloch Sphere & Pauli Matrices What if we wanted to examine the spin in an
arbitrary direction? Let’s call this direction ~n and parameterise it using spherical polar
coordinates such that


nx





sin θ sin φ




  
~n =  ny  = sin θ sin φ : θ, φ ∈ [0, 2π ]
nz
cos θ

(1.53)

Now, let’s construct an operator to measure the spin in arbitrary directions. Consider a
vector of the spin operators that have been introduced


Ŝx



 
Ŝ =  Ŝy 
Ŝz

(1.54)

the dot product of this vector of operators with ~n will be a sum of operators acting as an
observable for spin in the direction of ~n.

=

h̄
2

nx

0 1
1 0

!

+ ny

Ŝn ≡ ~n · Ŝ = n x Ŝx + ny Ŝy + nz Ŝz
!
!!
!
0 −i
1 0
nz
n x − iny
h̄
+ nz
=
2 n x + iny
i 0
0 −1
−nz
!
cos θ sin θe−iφ
h̄
Ŝn =
2 sin θeiφ − cos θ

(1.55)
(1.56)
(1.57)

With some work, the eigenstates of this observable can be given in terms of |0i and |1i
as

θ
θ
θ
θ
iφ
|↑n i = e
cos |0i + e sin |1i = cos |0i + eiφ sin |1i
2
2
2
2


θ
θ
θ
θ
|↓n i = eiγ cos |0i + eiφ sin |1i = cos |0i − eiφ sin |1i
2
2
2
2
iγ



(1.58)
(1.59)

where eiγ is omitted as global phase is not observable9 . This family of vectors clearly
articulates all the vectors in this state space and in a geometric sense, all the points on
the surface of a unit sphere. This sphere is known as the Bloch sphere and is a complete
representation of the state space of a Spin- 21 system.

=⇒ |ψi = α |0i + β |1i = cos
9 Mathematically,

θ
θ
|0i + eiφ sin |1i
2
2

we’re just choosing the simplest set of eigenvalues
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In this picture, our spin operators are nothing more than rotations10 , with the general
spin operator representing an arbitrary rotation on this sphere. We define the main three
of rotations, corresponding to Ŝx , Ŝy and Ŝz as the Pauli Matrices by
Ŝi ≡

h̄
σ̂i .
2

(1.61)

Figure 1.2: A visualisation of the Bloch Sphere

|0i
|ψ1 i

θ
φ

|0i+|
√ 1i
2

|ψ2 i

|1i
Time-Evolution, Expectation Values & Larmor Precession
the structure of state space the

Spin- 12

Having now introduced

system lives in let’s evolve a state within this

system and see what happens. Recall from earlier that the Hamiltonian of this spin
interacting with the electromagnetic field is given as
Ĥ =

Be ˆ
Sz
me

(1.62)

which is clearly independent of time and is a valid Hamiltonian since Sˆz is unitary. As
such we may use equation (1.16) to evolve a state in this system as follows
!
−iωt
Be
e
0
Ŝ
t
−i h̄m
−
iω
σ̂
t
z
e z | ψ (0)i = e
|ψ(0)i
|ψ(t)i = e
|ψ(0)i =
0
−e−iωt


= |0ih0|e−iωt − |1ih1|e−iωt |ψ(0)i .

(1.63)
(1.64)

So initialising the spin at a point on the Bloch Sphere |ψ(0)i = cos 2θ |0i + eiφ sin 2θ |1i



θ
θ
−iωt
−iωt
iφ
= |0ih0|e
− |1ih1|e
cos |0i + e sin |1i
(1.65)
2
2
θ
θ
|ψ(t)i = eiωt cos |0i − ei(φ−ωt) sin |1i .
(1.66)
2
2
10 Indeed,

they are the generators of the group of rotations in 3 Dimensions, SO(3).
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(a) The Bloch Sphere showing
Larmor Precession of the expectation values and the orientation
of B field in red.

1.2. The Spin- 12 System

(b) The expectation values of the spin operators during
Larmor Precession.

Figure 1.3: Larmor Precession

Clearly, θ is not affected by the interaction and the angle between the spin and the direction of the magnetic field is unchanging. A relative phase between |0i and |1i is
introduced by the interaction which result in the spin rotating around the direction of
the magnetic field. This rotation is known as Larmor Precession and it becomes even
clearer when one examines the expectation values of the spin operators with respect to

|ψ(t)i.
h̄
sin θ cos (φ + ωt)
2
h̄
hψ(t)|Ŝy |ψ(t)i = sin θ sin (φ + ωt)
2
h̄
hψ(t)|Ŝz |ψ(t)i = cos θ
2

hψ(t)|Ŝx |ψ(t)i =

(1.67)
(1.68)
(1.69)

Where clearly the expectation value of Ŝz is time independent and unaffected by the
interaction. For |+i =

|0i+|
√ 1i
2

we have θ = 0 and the expectation values

h̄
cos (φ + ωt)
2
h̄
hψ(t)|Ŝy |ψ(t)i = sin (φ + ωt)
2
hψ(t)|Ŝz |ψ(t)i = 0

hψ(t)|Ŝx |ψ(t)i =

14

(1.70)
(1.71)
(1.72)
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and solving this system numerically11 using the python package QuTip [19] Figure 1.3
was produced conforming our analysis.

1.3 | Composite Systems & Entanglement
Great! We now know how to deal with a quantum object. But what happens when one
has to describe multiple quantum objects? Like a number of spin- 12 particles or multiple
optical modes interacting in a cavity? Let’s start with a postulate and see where it takes
us.
Postulate - Composite Systems
The state space of a composite quantum system, composed of n constituent quantum systems each with its own state space Hi , is the tensor product of these constituent state spaces H = H⊗n = H1 ⊗ H2 ⊗ · · · ⊗ Hn . It these n component
systems are in a state |ψi i ∈ Hi , then the state of the system overall is

|ψi = |ψ1 i ⊗ |ψ2 i ⊗ . . . |ψn i ∈ H.

Figure 1.4: An illustration of a tensor product space by the author.

11 Author’s

code - https://gist.github.com/jqed-xuereb/b5f2fbd09f302f443eb0cfbc7a562be2
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Tensor Products Mathematically, when we build larger vector spaces from smaller
ones what one would most straightforwardly do is take the Cartesian products of the
underlying sets. Essentially making the tuples, which we promote to vectors, longer.
This is not enough for building larger quantum state spaces. If we took such an approach, it would just be like writing out what two separate non-interacting quantum
systems are doing and this wouldn’t capture the whole picture. This is why we use
tensor products which take the Cartesian product and add to it the idea of multiplying
entries, which brings forth the interaction we need.
Formally, for two state spaces V and W with eigenbases |vi i : i ∈ [n] and |wi i : i ∈

[m], the tensor product space V ⊗ W has basis |vi i ⊗ |wi i where ⊗ is the tensor product.
The tensor product is a map from V × W → V ⊗ W which observes the properties
α |vi ⊗ |wi = |vi ⊗ α |wi = α (|vi ⊗ |wi) : α ∈ C

(1.74)

(|v1 i + |v2 i) ⊗ |wi = |v1 i ⊗ |wi + |v2 i ⊗ |wi .

(1.75)

The first is bilinear composition whilst the second is distributivity over addition. These
properties can be physically motivated. The first tells us that scaling either of the states
in a product state is equivalent to scaling the product state itself. The second requires
that if one of the two component states is a superposition state so must be the tensor
product of the two states. Both these properties show that correlation between interacting quantum particles is intrinsic. Shortly, we will discuss this in further depth when
introducing entanglement.
The size of V ⊗ W can be directly found from its basis. For V with basis {|v1 i , |v2 i , . . . |vn i}
and W with basis {|w1 i , |w2 i , . . . |wm i} their tensor product gives the basis elements

{|v1 i ⊗ |w1 i , . . . , |v1 i ⊗ |wm i , |v2 i ⊗ |w1 i , . . . , |v2 i ⊗ |wm i , . . . . . . |vn i ⊗ |w1 i , . . . , |vn i ⊗
|wm i} visibly showing that
dim (V ⊗ W ) = dim V × dim W.

(1.76)

Consider ∀ | ai ∈ V and |bi ∈ W. Their tensor product | ai ⊗ |bi ∈ V ⊗ W can be
expressed

| ai ⊗ |bi =

n

m

i =1

j =1

∑ h vi | a i vi ⊗ ∑ h w j | b i w j = ∑ h vi | a i h w j | b i | vi i ⊗ | w j i
i,j

showing that the basis is spanning, and since it is evidently minimal, |vi i ⊗ |wi i is a just
basis.
An Operator defined to act on V ⊗ W must itself be a tensor product of operators
defined on the subspaces V and W respectively. So for two operators T ∈ L (V ) and
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S ∈ L (W ), their tensor product T ⊗ S ∈ L (V ⊗ W ). Operators in a tensor product
space act on elements of this space, themselves tensor products, in the following logical
way
T ⊗ S (|vi ⊗ |wi) = T |vi ⊗ S |wi .

(1.77)

Where each operator acts on the subspace upon which it is defined. A tensor product
operator which acts on only one of two component states in a product state can be
constructed using the identity operator I . Such operators are called upgraded operators
in the sense that if T is an operator which works in V then T ⊗ I is the upgraded version
of the operator which does the same thing as T but in the tensor space V ⊗ W. It is good
to note that
H1 ⊗ H2 6= H1 ⊗ I + I ⊗ H2

(1.78)

where the term on the right, were it a hamiltonian would not include any interaction
between the subsystems. When writing out tensor products in the bra ket notation it is
conventional to omit ⊗ in the following way

|ψ1 i ⊗ |ψ2 i ⊗ |ψ3 i = |ψ1 ψ2 ψ3 i .

(1.79)

Lastly, inner products of tensor products of basis eigenstates follow the following rule

hvi wα |v j w β i = δij δαβ

(1.80)

where the product of the inner product of the subspaces is taken.

1.3.0.1 | Statistical Ensembles & Density Operators
What if you could not only consider linear combinations of states of different particles
interacting together but also mixtures of states that these particles can occupy? You
might want to do this because the state of a quantum system is not exactly known. For
the sake of example, say you are able to establish by a series of measurements that this
system of particles behaves like | ai 30% of the time and like |bi 70% of the time allowing
you to write
3
7
| aih a| + |bihb|.
(1.81)
10
10
The operator ρ is known as a density operator or matrix and the set of probabilities
ρ=

and the associated states the system could be in { pi , |ψi i} is called an ensemble of pure
states. In this way, a generic density matrix is expressed as
ρ=

∑ pi |ψi ihψi |.
i
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and if it represents a pure state, the density matrix will be formed only by a single
projection operator. If this is not possible, the state is said to be mixed.
Consider the states |+i =

|0i+|
√ 1i
2

1
2

(|0ih0| + |1ih1|). Naively, one might
think that they represent the same quantity but being in an equal superposition of two
states is not the same as being an equally weighted statistical mixture of two states. Indeed notice
1
1
†
ρ|+i = (|0ih0| + |0ih1| + |1ih0| + |1ih1|) = (|0i + |1i) (|0i + |1i)
(1.83)
2
2
which is clearly pure. The same cannot be done for ρ which is evidently mixed.
Since they represent quantum states, density operators respect the postulates stated
earlier. In some instances, the postulates are modified since it is now not a ket we are
dealing with but an operator and this is an inherently different mathematical object.
Quite naturally the expectation values of some operator Ô with respect to the density
operator is given by the trace of their product in the following way first considering the
expectation value over some eigenbasis
and ρ =

hÔi = ∑ ρi hi |Ô|i i

(1.84)

= ∑ ρi hi | Ô| jih j| |i i

(1.85)

= ∑ | jihρ|i |i ihi | hi | Ô| jih j| |i i

(1.86)


hÔi = tr ρÔ .

(1.87)

i

i,j

i,j

With this in mind we can introduce some properties of density operators as follows.
Properties of Density Operators
An operator ρ is the density operators associated to some statistical ensemble if
and only if the following conditions are satisfied
1. Positivity: ∀ |ψi , hψ|ρ|ψi = ∑i,j ai,j |hψ|i i| ≥ 0
2. Normalisation: tr (ρ) = 1
3. Hermitian ρ† = ρ.
The time evolution of density matrices satifies the Heisenberg equation which is
equivalent to the Schrödinger equation such that
ρ̇(t) =

i
[ H (t), ρ(t)]
h̄
18
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which for time independent Hamiltonians admits an equivalent unitary time evolution
as in (1.16) by
U ( t ) ρ ( 0 )U † ( t ) = ρ ( t ) .

(1.89)

Lastly, we maybe also express the density matrix of a composite state space in terms
of its n component state spaces in terms of a tensor product of density matrices which
represent that state of each individual subspace
ρ = ρ1 ⊗ ρ2 ⊗ · · · ⊗ ρ n .

(1.90)

Figure 1.5: An illustration showing pure states on the surface and a mixed states inside
the Bloch Ball, by the author.

Mixed States in the Bloch Ball Whilst pure states of a single spin- 12 system, represent
points on the surface of the Bloch Ball (which we know as the Bloch Sphere) this is a
special case of the more generic set of states represented by the points interior to the
Bloch ball. These are the mixed states, which as we’ve seen are characterised by density
matrices.
To show this, let’s consider what the density matrix of a pure state parameterised as
a point on the surface of the Bloch Sphere looks like and move from there.

ρ|ψi = |ψihψ| =

θ
θ
cos |0i + eiφ sin |1i
2
2

=

cos2

† 

θ
θ
cos |0i + eiφ sin |1i
2
2
!
θ
θ
−
iφ
e
cos 2 sin 2
.
sin2 2θ

θ
2

eiφ cos 2θ sin 2θ
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Now, it is known that the most generic density operator in this Hilbert space may be
expanded into the operator basis { I, σx , σy , σz } and since we require tr(ρ) = 1 and the
Pauli matrices are traceless we have
ρ̂(~r ) =



1
1
Î + r1 σ̂1 + r2 σ̂2 + r3 σ̂3 =
Î +~r · ~σ̂ : ri ∈ R
2
2!
1 + r3 r1 − ir2
=
.
r1 + ir2 1 − r3

(1.93)
(1.94)

(1.92) can be arranged to give
cos2

cos φ cos 2θ sin 2θ − i sin φ cos 2θ sin 2θ

θ
2

sin2

cos φ cos 2θ sin 2θ + i sin φ cos 2θ sin 2θ

!

θ
2

(1.95)

allowing us to compare with (1.94) giving
θ
θ
sin
2
2

r1 = cos φ cos

r2 = sin φ cos

θ
θ
sin
2
2

r3 = 2 cos2

θ
−1
2

(1.96)

for which |r | = 1. Thus, we can represent the interior mixed states by generalising this
expression for 0 ≤ |r | ≤ 1 where for a state ρ = ∑k pk |ψk ihψk | we have
!
1
ρ=
Î + ∑ pk ~
rk · ~σ̂ .
2
k

(1.97)

The Partial Trace
For a density operator defined on a state space H A ⊗ H B we may obtain the reduced density operator describing subsystem A by performing a partial trace over
subsystem B of the total density operator. This is carried out by the linear map

hµ| B : H A ⊗ H B → H A =

B

hµ|iνi AB = δµν |i i A

(1.98)

such that
ρ A = trB (ρ) =

∑ B hµ|ρ|µi B

(1.99)

µ

where ρ A is the reduced density operator, corresponding to subsystem A.

Purity & Ambiguity of Mixed States

The set of density matrices form a convex set

within Hilbert space. This means that given two density operators ρ1 and ρ2 another
density operator may be formed through their linear combination
ρ(λ) = λρ1 + (1 − λ) ρ2 : λ ∈ [0, 1].
20
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For a pure state ρ = |ψihψ| let | ϕi denote a ket orthogonal to |ψi , : h ϕ|ψi = 0. The
expectation value of ρ with respect to this orthogonal vector can be expressed as follows

h ϕ | ρ | ϕ i = λ h ϕ | ρ1 | ϕ i + (1 − λ ) h ϕ | ρ2 | ϕ i

(1.101)

h ϕ|ψihψ| ϕi = 0 = λ h ϕ|ρ1 | ϕi = (1 − λ) h ϕ|ρ2 | ϕi

(1.102)

implying that | ϕi is orthogonal to ρ1 and ρ2 but since the choice of orthogonal vector
is arbitrary we have ρ = ρ1 = ρ2 . This shows that there are operators in this convex
set that cannot be formed out of a convex sum of other operators and there is only one
way to represent such a density operator. These points are called extremal points or as
we have come to know them, pure states. Mixed points refer to points in the convex set
which are not extremal and which can be expressed in many ways. This gives rise to an
ambiguity in the expectation values of mixed states as we can see for some operator O

hOi = λtr (Oρ1 ) + (1 − λ) tr (Oρ2 ) = tr (Oρ(λ))

(1.103)

such that if an ensemble is formed where ρ1 is prepared with a probability λ and ρ2
with a probability of λ − 1, we wouldn’t be able to distinguish this state from ρ(λ) by
measurement. This is the ambiguity. Pure states are not like this, they are bonafide
eigenstates of some observable and with enough copies of the state to play with, its
unique identity will be made clear.
To assess how ambiguous a state is, or in other words, how mixed it is we seek to
establish how unique many different ensemble preparations we can find that would
result in the same measurement. Mathematically, we wish to establish in how many
different ways this operator can be expressed as a convex sum of extremal points. In
general, this proves to be a very difficult task12 .
Pure states are evidently idempotent since ρ2 = |ψihψ||ψihψ| = |ψihψ| = ρ since

|ψi is normalised. The same is not true for mixed states, allowing us to establish the
following purity condition. Consider the trace of the square of an arbitrary density
matrix

2
tr ρ2 = ∑ hn| ∑ pi p j |ψi ihψi ||ψj ihψj ||ni = ∑ hψi |ψj i
(1.104)
n

i,j

i,j

tr ρ

2



=∑

p2i .

(1.105)

i

For a pure state p1 = 1 and for mixed states this is less than 1. In particular, if the state
space is of dimension d we have that the maximally mixed state will have

1
tr ρ2 = > 0.
d
12 Indeed,

(1.106)

an NP-hard task. Which is, as we’ll see, what makes quantifying entanglement difficult.
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1.3.0.2 | Entanglement
The last and perhaps most striking quantum phenomenon we must introduce13 before
moving on to information processes is quantum entanglement. Put simply quantum
entanglement is what happens when one has quantum states of composite systems that
are not separable into tensor product states. A separable state for a system with n component systems is one that may be expressed as
n

ρ=

∑ pi ρ1i ⊗ ρ2i ⊗ · · · ⊗ ρin .

(1.107)

i

Most notably in expression (1.107), we see that the information about each subsystem
and what it is doing is contained within a reduced density matrix. It is not spread out
amongst the other subspaces. But consider a contrasting example involving two spin− 21
particles A and B with basis |0i A , |1i A and |0i B , |1i B in the state

|Φ00 i =

|0i A ⊗ |0i B + |1i A ⊗ |1i B
|00i + |11i
√
√
=
.
2
2

(1.108)

If I measure system A I have a 50% chance of measuring |0i A or a 50% chance of measuring |1i A . But since these states form part of a tensor product it is implicit that when
measuring |0i A , one is in truth measuring |0i A ⊗ |0i B and similarly measuring |1i A is
a measurement of |1i A ⊗ |1i B . This means that with information about one of the subsystems we know information about the other subsystem. In this case, with definite
probability. The two subsystems are perfectly correlated and perfectly correlated irrespective of the measurement basis.
This is doubly interesting when considering that subsystem A and B are in maximally mixed states. Making use of the partial trace we see that we have ρ A = ρ B =

I
2.

But clearly, together they result in a pure state which after measurement gives us information about the whole structure. Thus, ambiguity in a subsystem may lead to a rich
and definite information structure overall. This is entanglement at work and one its
defining features.
This notion of perfect correlation raised a lot of eyebrows, particularly when considering how this correlation could arise physically. Famously, Eintein in [20] went so
far as to question whether a theory of quantum mechanics could be considered complete in light of this. The main issue being how could such a correlation arise without
some form of local process. fch Consider three individuals, classically known as Alice,
Bob and Charlie. Charlie has access to two spin- 21 particles and prepares the particles in
some arbitrary state. He gives particle A to Alice and particle B to Bob and allows them
13 This

is a brief introduction. In the next section we will really get to know this phenomenon.
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Figure 1.6: A sketch of the CHSH experiment.
each to make two different observables, respectively. For Alice let’s call these measurements Q & R, and S & T for Bob. Before giving this a full quantum treatment, imagine
that each measurement can have the outcomes ±1. This will prepare some structure for
when we treat this quantumly and give us a classical analogue. Consider
QS + RS + RT − QT = ( Q + R) S + ( R − Q) T = ±2

(1.109)

meaning that the four possible outcomes of this experiment are related in this way. Suppose that p(q, r, s, t) is a probability function trying to guess the state of the observables
P, Q, S, T that Charlie prepares before measurement and let E() denote the mean value
of a quantity. By definition
E ( QS + RS + RT − QT ) =

∑ p(q, r, s, t) (qs + rs + rt − qt)

(1.110)

qrst

where we’re merely stating that the average value of an outcome is the sum over the
product of the likelihood of the outcome and the outcome itself. Because of the binary
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±1 and (1.109) we have
E ( QS + RS + RT − QT ) ≤

∑ 2p(q, r, s, t) = 2.

(1.111)

qrst

It is also clear that the average value is additive
E ( QS + RS + RT − QT ) = E ( QS) + E ( RS) + E ( RT ) − E ( QT )

(1.112)

and so, combining (1.109) and (1.110) we have what is known as a Bell inequality. In
particular, this is the CHSH inequality.
E ( QS) + E ( RS) + E ( RT ) − E ( QT ) ≤ 2.

(1.113)

Let’s now treat this quantumly. Charlie has prepared the state

|Φ00 i =

|01i + |10i
√
2

(1.114)

and gives the first particle as planned to Alice and the second to Bob that now measure
the following observables

−σz2 − σx2
√
2
σz2 − σx2
√
S=
.
2

Q = σz1

S=

R = σx1

The expectation values of these operators are nothing other than average outcomes so
we have
1
h Q ⊗ Si = √
2
1
hQ ⊗ T i = − √
2

1
h R ⊗ Si = √
2
1
hR ⊗ Ti = − √
2

allowing us to write

√
h Q ⊗ Si + h R ⊗ Si + h R ⊗ T i − h Q ⊗ T i = 2 2

(1.115)

showing a clear violation of the CHSH inequality.
This violation shows that two assumptions inherent of the prior set up and in the
EPR argument [20] are incorrect.
1. The assumption that the properties Q, R, S, T have definite values independent of
observation.
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2. The assumption that Alice’s measurement does not impact Bob’s measurement, or
vice-versa. This is known as locality.
Therefore, entanglement is an inherent non-local structure of the information distribution in a quantum system leading to correlations which are stronger than those which
had been known within the domain of classical communication and information processing. Having understood the qualitative nature of entanglement and quantum mechanics more broadly, we will examine entanglement as a resource in the coming section. Examining how it is harnessed in certain quantum information processes and how
it can be quantified.
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